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These syllabuses for grades 7-12 were written, evluated, and revised by a 
team of writers from the Orange County Science Education Improvement Project 
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California State College at Fullerton, the Orange County Schools Office, and local 
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syllabuses includes modern mathematical concepts designed for junior and senior high 
school programs. (RP) 
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When you buy on credit, you pay an extra 


* 


- charge, Whether that extra charge is called 
a “interest,” “service fee,” “carrying charge,” or 
3 anything else, it raises the price of what you 

4 buy. it can keep you from buying other things 
_ you need, For example: 


; % A store sells a.refrigerator for $329.95. On 
: a 24-month contract with a $10 down payment, 
you can pay the store $66 extra for credit— 
enough to buy 285 quarts of milk, 


ig? 


% One of the new “compact” cars costs 

3 $2660.52, with deluxe accessories, sales tax, and 
4 license. With a $460.52 down payment, credit 
charges on the $2200 balance on a 36-month 

3 contract can cost you over $400-—enough to 
fay cash for a washing machine and a drier. 


\ 4a How much credit costs you depends on the 
or: rate of interest and the length of the loan, Both 
\! affect the total cost of credit. The smart shop- 
per gets credit at the lowest possible rate of 

3 interest for the shortest possible period of time. 
43 Credit costs vary widely, so it is worth your 
(4 while to shop for credit carefully. Some com- 
monly-quoted credit charges are expressed in 


a true annual interest raves for you in the chart 

; on the right, 

4 Remember, it’s smart to shop for credit. .. , 
- 4 It’s even smarter—and cheaper, too!—to pay 

cash, 
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YOU SAVE MONEY—if You Know What Credit Casts 


HERE’S WHAT YOU PAY 
FOR CREDIT 


lf added to purchaso price 
and total repaid in 12 equal 


monthiy payments: 


When they say 
4% per year: 
o% per year: 
8% per year: 
10% per year: 
1% per mo. : 


you pay* 


4.3% 
10.9% 
14.8% 
18.0% 
23.5% 


* in truva ansvel interest 


If charged only 
on unpald balance 


3/4 of 1% Ser manthon | 
5/6 of 1% Pat month on 


per month on 
7 % unpotd bolonce 


i anth 
VY% orenyhen 
h 
TA% papel! bale 


Teve 
annucl 
interest 


9% 
10%, 
12% 
15% 
18% 


lou wn it a 


2¥A% inpaid'beisnce == 30% 


om 


ed 
(bis brochure ts @ service fo 


the people of Californis 


Provided wnder an Act of the Stet Legislature, sequested by 
Governor Brown. 18 was vonpiled by Stete Cewssser Counsel 
Helen Netion, Goveenor’s Offs, Secremente,) 
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PREFACE 


This syllabus provides a comprehensive guide to the first two years of 
university mathematics and is written for the teathers' use, not for 
the students'. The committee interpreted university mathematics to 
mean that attention was focused on the calculus sequence rather than 


the entire mathematics curriculum for grades thirteen and fourteen. 


The belief that the present mathematics curriculum has, lagged behind 

the growth and uses of the subject was one of the ideas that motivated 
the committee in their writing. The committee thought that the develop- 
ment of mathematics and the broadening of its applications have outgrown 
the curriculum. We believe that the core of the subject will remain | 
unchanged but that the syllabus will present to the instructor a reorg- 
anization of the material, some methods of approach, intuitive examples, 
applications, suggestions for additions and deletions, amount of mathe- 
matical rigor, proofs to be included as well as those to be omitted, 

and selected reference books. These changes will be relatively minor in 


overall content, but tremendously important in teaching emphasis. 


The syllabus as the committee outlined it was not designed especially 

for use with the superior student but for use with the student who will 
use college mathematics and who comes to college with e substantial high 
school preparation for it. We kept in mind in the writing of the syllabus 
the OCSEIP recommendations for high school mathematics; that is we assume 
that the student entering our program has had analytical geometry includ- 
ing vectors in two dimensional space and three dimensional space. This 
course does not have to be the complete traditional analytical geometry 


course but could have such topics as conic sections omitted. 


ii 
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' Though there is a tendency for some high schools to move calculus to 
the twelfth grade, it is the recommendation of this committee that the 
teaching of calculus should be restricted to the colleges. There are 
many ideas and topics that should and can be covered in high school that : 
would give a student a much better background for the study of calculus. ‘ 
One such topic would. be an introduction to vectors in tvo-dimensionc 
space and three-dimensional space. Other topics wnich could be extremely 
useful from the point of view of engineering are elementary probability 


and statistics. . . 


In offering the following éutlines we have omitted many definitions and 
proofs. Since many of these proofs and definitions would be in the text- 
book, it was ‘thought that this omission would allow the teacher flexibility 
in the use of the textbook. Included in the outlines are our comments on + 
some of the problem areas, with suggested rearrangement of topics and 


emphasis on methods of approach. 


This committee does not feel that there is only one possible sequence of 


topics. However, we have tried to formulate a basic list of topics. The ~“ 





syllabus is not intended to be a continuous sequence but is taken up 


topic by topic sc thet the order my be adjusted to the textbook being 


NET ene 
as 


used. The amount of time spent on e given topic will also vary with the 


textbook. 


The bibliography should be regarded as an attempt to include as many 
useful references as the committee had time to peruse during this writ- 
- 3 ing. More than o.te reference is sometimes given in hopes that the instruc- 
: tor might have at least one of these books readily available. Since 
completion of the original biblicgraphy other books have been added, in 
a supplementary bibliography. Books “in this are listed with primes, és 


[hr]. 


It is the committee's opinion that the course should develop in the student » = 


the idea of what constitutes a proof, and the necessity for a proof, so 4 ; 
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‘4 that, by the second year's material, he will be prepared for a rigorous 
' development. During the first year, time should be spent on @ more 


intuitive justification, although care should be taken to point out any 


td difficulties that might arise. Thus, it is the committee's intention 
nT» 
, that the course not be developed rigorously from the start, but that 
A ‘ the student's understanding of rigor should be developed throughout 


the course. 


An appendix listing some possible final exam quections for the first 
semester course is included, to give an idea of the committee's feelings 
as to course content. We nave used four courses of four-semester hours 
each as the building biocks for our outlines. A variation of this. 

aw] form that was very appealing to the committee was a sequence consisting 
: of two four-semester hour courses and then three three-semester hour 
courses. In this latter sequence the first two courses would be the 
Same as our outlines. The other three courses would consist cf linear ‘ 


algebra, differential equations and infinite series, and vector calculus. : 





“ 4 With some modifications the committee feels that the outline could very Ct 


25 easily conform to this sequence. A source of possible course arrangements 





a was the report to the Mathematical Association of America, "a General 

E Curriculum in Mathematics for Colleges". This report was usec for much 
7 of our basic yhilosophy and influenced the design of the courses. For 

4 a motivation of many of the topic selections and especially the placing 


of a formal course in linear algebra in the first semester of the second 





year, see the aforementioned report. 


To select a textbook to fit each course outlined is a Gifficuit task. | : 
The committee feels that there are textbooks available which give a 
_ fair approximation to the outlines, but none which we have reviewed 

that we would call a basic text. The majority of the committee recommends g 
” 4 the careful examination of [7] and [23] (Calculus Bibliography). 3 


For linear slgebra the tovic coverage in [10] {Linear Algebra Biblio- 
» A graphy) is one of the most compi~te as far as this outline is concerned 


i. but we are not in complete agreement with the apnroach. In the vector Pa 
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E } 
a () calculus and differential equetions course the booke [8] and [12] a 
- 3 (Calculus Bibliography ) start out with good topic coverage but do o 


J not go as far as our outline. The book with the most compiete topic = 


; coverage for this course is [4] (Calculus Bibliography). f 
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CALCULUS - 1st YEAR 


(8 semester hours) 


I. LIMITS AND CONTINUITY 3 hours 7 
A. Limits of sums, products and quotients 


1. Numerical and graphical illustrations to motivate un intuitive 
understanding of limits 3 


B. Continuous functions 


1. Suggested illustrations of discontinuous functions, contrasted 
with continuous, and continuous “smooth" functions 


C. Extreme and intermediate value theorems (no proofs) 


1. Very brief statement of the theorems (since they will be in the 
textbook in use) 


Il. DERIVATIVE 4 hours’ 
A. Definition of derivative; tangents (general discussion) 
1. Numerical example from plane geometry of tangent to a circle 


8. Average and instantaneous rates of change used to define the 
cGerivative 


C. Derivatives of polynomials by the A\-process definition of the 


derivative used to define the tangent line to a curve 






TIT. ‘{ECHNIQUES OF DIFFERENTIATION 10 hours 
A. Formulas for derivatives of sums, products, quotients, rational 





functions and x 


n rational }° 





B. Chain rule 





C. Derivatives of implicit functions 


D. Definitions of higher order derivatives 





E. Definition of differentials and applications 
IV. APPLICATIONS OF DERIVATIVES 10 hours 


C A. Graphical approach to extrema of continuous functions in an open 


interval 


a 
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1. Mean Value Theorem and Rolle's Theorein 


B. Extrema at end points of a closed interval or where derivatives 4 
fail to exist y 


a C. . Interpretations and applications of first and second derivatives for 
. ¥g extrema for continuous nections and to curve sketching ; horizontal 
m4 and vertical tangents | ] 
_ D. Velocity and acceleration applied to rate problems x 
E. Newton's Method : 
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. ; A, Antidifferential formulas 
B. Applications to acceleration, velocity and distance 

Yi. THE DEFINITE INTEGRAL 3 hours 
A. Intuitive definition of the definite integral | | | 
B. Fundamental theorem of integral calculus ( : | 


C. Differentiation under the integral 4 
VII. APPLICATIONS OF THE DEFINITE INTEGRAL 3 | 9 hours a 
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A. Area 


1. Area between curves and coordinate axis | 


™ 2. Area between two curves 





3 B. Volumes of solids of revolution, by disk, washer, and shell methods 
C. First moments and centers of gravity | 


OG 1. Moments of areas 
9. Moments of volumes B+ 


D. Arc length of plane curve : 


3 FE. Area of a surface of revolution 
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VIJI. TRIGONOMETRIC AND EXPONENTIAL FUNCTIONS AND THEIR INVERSES 


IX. 


Xe 


A. 


B. 


C. 


D. 


Derivatives of the trigonometric functions 


1. Limit theorems 


2. Derivatives of other trigonometric functions 


Derivatives of inverse trigonometric functions 


1. Integrals 


X 
: = ; derivative of log, x 


Derivatives and integrals of aX and e* 


HYPERBOLIC FUNCTIONS 


A. 
B. 
C. 


D. 


Definition and derivatives 


Hyperbolic radian 


Ynverse kLyperbolic function 


Integration 


TECHNIQUES OF INTEGRATION 


A. 


Methods of substitution 
1. Algebraic substitution 
2. Partial fractions 


3. Trigonometriec substitution 


B. Integration by parts 


1. Inverse trigonometric functions 


2. Tabular device 


Cc; Approximations 
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1. Simpson's Rule and Trapezoidal Rule 


9. Other numerical methods 
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10 hours 


3 hours 


9 hours 
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vy 


XI. VECTORS | 38 hours (4 . 
A. Introduction ‘ 
B. Vectors in the plane 


C. Vectors in 1 three dimensions 





i. Definition 
2. Equations of lines and planes , 
8. Scalar and cross products 
4, Motion on space curves | 3 
5. Derivatives 
4 &.. Curvature, tangent, and normal 
XII, PARTIAL DIFFERENTIATION | - 10-11 hours 
A. Introduction 
B. Functions of several independent variables 
1. Scalar fields : _ E 
2. Neighborhoods and open sets | 


‘ 


OES ea ee aa ome 7 








1. The directional derivative 
‘ . 2. The partial derivative 


3. Continuity and limits of a scalar field 


, te 


4. Mean-value theorem for scalar f:ields | i 


{ 


5. Linearity of the derivative 


D. The gradient cf a scalar field: VF 
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1. Definition 
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2. Geometric interpretation of \V/f 


3. Tangent plane and normai. Line 
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4. Maxima, minima, and saddle points ° 
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E. 


F. 


H. 


The increment of a scalar field: Vf 


1. Chain rule for derivatives of scalar fields 
2. The total differential: df 


Mixed partial derivatives 
Implicit functions 


Line integrals 

lL. Line integrals in the plane 

2. Geometric interpretation 

8. Path independent line integrals 
4. Work 


o. Evaluation 


MULTIPLE INTEGRATION 


A. 


B. 


CG. 
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Double integrals 

1. Motivation 

2¢ Definition and properties 
3. Evaluation 

4. A counterexample 

5. Applications 

Change of variables 

The triple integrals - 

1. Motivation 

2. Definition and properties 
3. Evaluation 


4. Applications 


a i 


‘8 hours 4 
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8 Semester Hours 


LIMITS AND CONTINUITY 


Limits and continuity of real valued functions of real variables are 
considered in elementary calculus. 


A. 


Limits of sums, products and quotients 


These are first considered from an intuitive approach, building on | 


_ previous experiences, since the concept of limit is often elusive. 


Following the examples, which should include both algebraic and 
graphical examples, students may be able to verbalize the limit 
theorems for sums, products and quotients and compositions (or at 
Least believe in their validity). The illustration from plane 
geometry of the relationship between the circumference of a circle 
and the perimeters of inscribed and circumscribed polygons can be 
recalled. Emphasize uniqueness of limits with a proof of this fact. 


i. An example of Limits from arithmetic is the fact .that 


== 0.383 = 0.3 + 0.03 + ... 


Many modern arithmetic texts at the college level will give 
other examples, and some of the students will have had 
geometric progressions and be able to use the formula 





lim 5, = a 
nN -oo -Yr 
1 i : 0.3 = 0.3 =i 
(in this case: oT 7. a) For the rest write 
10 S=3 + 0.3 + 0.63 + 0.0038 + ... 
S = 9.5 + 0.03 + 0.003 +... 
9$§ = 3 


3 
and S =9 =% (Students are usually very willing to accept the 
one-to-one matching of the above infinite series.} Finally, the 
€-6 definition should be discussed, and the limit of a constant 
given as the first application. 


The theorem concerning the Limit of a sum should be proved, and 
the student may be asked to reproduce it. 


For an example of limits of sume we could start with a straight 
line such as y = x ~ 1, considering the values y assumes a8 xX 
takes on values close to 2. Gonsider the tablet 


% = 3.99 32.999 1.99999 
y= 0.99 0.999 » 0.99999 
Ka 2.01 2,001 200001. 
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together with the graphs of (1) y, =-1 (2) Yo =X (3) Yq = X — 1 C 
Y % 
x x 
~ | 
Lim -L = -l lim x =2 lim x - 1 = lim x + lim -l =1 
X~> 2 re <== 72 X—>2 X--—* 2 


2. For motivation of an understanding of a product: it_is suggested ; 
that something on the order of (x - 1) (x + 2) = x“ + x - 2 be _ 
considered by graphing both factors and then their product, 
separately as in the example on sums to show that 


Lim (x? + x - 2) = lim (x -1)° lim (x - 2), 
X= 7) xXx-— n x nN 


(where n should include very large and very email numbers). An 
agreement as to how the handy but much abused symbol co will be 
used in the course can be reached here (for example some texts 
use ~co < x < +ceo to mean all real numbers). 


a. For quotients, two types are suggested with a graphical approach (_) 
similar to that for products. Quotients with a constant in the 
denominator are somewhat trivial and should be treated as con- 
stant times a sum or product. 


First a function such as f(x) = xd might be considered 


ag. , 


drawing the graphs of ue 1 » X ~ 1 and x + 1 and considering 
Limiting values of the quotient as compared to the limiting 
values of x + 1. 


2 
&. A second type is exemplified by OES! Limiting 


values of thie furction as x-- 0, x-~2, x— -2, x-—*3 and 
for very large and very small values of x should be con- 
sidered. Many othe examples nay be found in ” 


Separate praphs of x? - 4, x? 8x + 6, and S—£ pe Ae 2 should be 


drawn arid the intuitive development uf the Limit theorem , 
for quotients continued. Examples of this sort should con- z 
vince the students that the quotient of 2 is not unique, : 
and-#- (a # 0) is undefined. A formal statement of the limit 

theorems is omitted sirice these will be in any textbook. . -_ 
Ag noted above, the theorem concerning the limit of a sum 4 
should be proven. In a geod class, the other theorems may ~ fo 
be proven also. (_) - 
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Continuous functions 


The same examples used in "a" will motivate a discussion on 
continuous functions, by examining the discontinuities present. 
The classical examples of y = x” and y = x are in most text- 
books. The definition of continuity in the class discussion 
of "approaches," “close to," "in the neighborhood of" and 
"nearly" can also be generated from the graphs in "a." It 

is strongly recommended that an agreement be reached that 
numbers "«Lose to" or "in the neighborhood of" a number N 

be in the interval n-€ < n < n+ € for small epsilon, 

in order to lay the foundation for future delta-epsilon use. 


-l 3 x< 0 
1) Some examples such as f(x) = 40.3 x=0 , f(x) 
x* 3 x > 0 


the signum function and step functions 


l 3 x rational 

f = : 

(x) i: ; x irrational 
and other similar functions should be introduced here. 
An intuitive recognition that all polynomials of the 
form 
y = a,x" + a,x + soe tay (a, 5 1 = 0-1, oe 
constants) are continuous can be generalized here, as 
well as conclusions as to the continuity of the sum, 
product, quotient of two continuous functions and com- 
position of functions (use the examples from "a"). 


Extreme and intermediate value theorems (no proofs) 


These theorems should be presented from an intuitive pic- 
torial approach. 


1) Extreme value theorem. If £ is continuous over an 
interval 4 =x 4b it has a minimum value manda 
maximum value M, that is, there are numbers x, and Xp 
in the interval such that m = £(x,) and M = £(x ) 
and such that for all x in the interval the aanin 
m4 f (x) M. 


2) Intermediate value theorem. If f is continuous over 
an interval a“ xb and if K is a constant for which 
f(a)< K < f(b) or f(a) > K >£(b) then there exists at 
least one number c for which a<c< b and f(c) =K. 


These theorems need only be stated at this time since 


further use of them will be made. All discussion of 
uniform continuity should be omitted. ' 
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Il, DERIVATIVE (> % 
i A. Definitions of derivative, tangents | ‘ 


Formal symbolic statements of the definitions of the derivative of a k 
D4 function and of the tangent to a curve will be in the textbook being 
— used and are therefore omitted here. At some time during this dis- 

; cussion, the definitions in a mathematics dictionary should be 
examined, particularly to clarify the student's plane geometry con- 
cept of a tangent line to a curve. Notation for the derivative should 
be introduced to conform to the text. Use of dy/dx can be deferred 
until differentials are discussed, to avoid confvsion. 


- : 1. The following numerical example uses the student's previous 3 i 
: - knowledge of a tangent to a circle (including the fact that the = 
“4 radius of the circle and the tangent tc the circle are mutually 


perpendicular at the point of tangency): 


i To show that the limiting value of the slope of the secant 
: Line PyP. is equal to the slope of the tangent to the circle 
2 


Consider the semi-circle y = 169 -- x* and choose a general an 
point Py (xs ¥ 169 5 - x2} and a point a(S: 12), and write the = 

. 12 -y 169 - x4 
LZ PP 5 - X ~ - 








Slope of th 


__/ 


x + 5 * 
ores and take Li imits as x5 of m ° 


4 . 12 + ./169 - x2 
a oP ha 
7 Lim m ” -5 
X—-—> 5 PP. 12 





P, (512) 





and m —- ~ 12 - 
OPy 9 


P, (x; 169 — x) 





The pattern of ‘EE - 72 ~ YL = £(x +x) - fex) where the 
7 _ coordinates of P, are taken more generaliy as (Xp Yop y,) 3 where 
7 Ax = Xo - X, Cdn be noted, together with the fac that the 


Lim m was equai to the slope of the tangent to the circle. . 
% Fro 7 


The next examples generalize the pattern tu other continuous ( ) 
functions. 9 
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B. 


Average and instantaneous rates of change 


Student's familiarity with uniform motion problems and everyday ex- 
perience is utilized to state that: 


eana welociir = distance traveled 
aveE ete al time elapsed 

in general, however, We know that tne veidcity is not equal to the 
average velocity during the time elapsed; at various times it may be 
equal to, greater than and less than the average velocity. 


Consider an object moving in a straight line, such that at any time 
t seconds, its distance s in feet is given by the formula s = t2 - 1. 
Consider the following table of distznce and time starting wher 

t = 2 seconds: 


time t 2 1.1. 21.01 2.060. 1 1 +h 


e7-1 3 21 «= .0202—Ss(«w 002002 «0h + 2 


Then consider the average velocity for the following time periods: 


Time Period Average Velocity 
from 1 te 2 seconds [3 /L = 3 £t/see 


from 1 to 1.1 seconds [21] /0.1 = 2.1 ft/sec 


from 1 to 1.01 seconds [0202] /6.01 = 2.01 ft/sec 


from 1 to 1.001 seconds | 002003] /0.001 = 2.001 ft/sec 


from 1 to 1 + h seconds [2h + n2| /h=2+h ft/sec 
In any one time period we obtain only one average velocity and as 
the time intervals grow shorter we can see the average velocity 
values getting closer to 2 ft/sec. By using h as the time elapsed 
after 1 second we get a general expression for the average velocity 
of 2 +h ft/sec. If h is a very short time interval (say one- 
billionth of a second) the vaiue of 2 + h does not differ from 2 by 
very much. Tunis value 2 (which it should be noted is lim (2 + h) 
h—o 
is called the instantaneous velocity or the derivative of distance 
with respect to time at the instant t = 1 second. i. See | 6} 


The student's familiarity with automobiles in general, and drag races 
in particular may be utilized here. The speedometer measures instan- 
taneous velocity, while the time traps at the end of the quarter-mile 
attempt to electronically approximate the instantaneous velocity by 
determining precisely the average velocity of a car while traveling 
through a distance of at most a few feet. 
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4 After the worl ov limits, the above example can be generalized to O) 
_ Lim £(t +h) ~ f(t) _ Lim (t2 + ath +h?) - (t? - 1) | 
“ ; Lim (2t +h) = 2t (which gives a value of 2 when t =i), 
h-—-0 
: which is precisely our intuitive guess from the average 
4 velocity table 
Ny If we have a function y = f(x), then Lim £(x + Ax} = £(x) > if > 


3 Nx-—> 0 Xx 

oon it is a real number, will, by analogy, give the instantaneous rate 
4 of change of the ordinate withe respect to the abscisse, or the deriv~ 
ative of y with respect te x. 


| 3 The numerical example in 1 should be linked to this discussion, as 
it appears that P,——> P,; (x, - x) =~ and this problem has the 


4 pattern of lim f(x +Ax} - f(x) , which is the ordifiary 
3 a Ax— 0 fx 
| 3 definition of a derivative for a function f(x); and for a circle, 3% 
4 et least, this limiting value at a point also gives the slope of : a 
|g the tangent at this point. : 


ek A graph of s = t* — 1 will illustrate the connection between : 
Sad instantaneous velocity and the slope of a tangent line to a parab- | () 
' ola at a point. it can be noted that the table of values for the 

average velocity in B approximates the slope. 


C. Derivatives of polynomials by the /\-process 


4 The method of computing derivatives of polyncwials by the A-process 
4 can not be demonstrated using the pattern established in the previous 
funeri¢al examples. E 


1. (See A and B) The following geometric interpretation of the : 
4 | derivative may be used to motivate the definition of the tangent s\. 
40 a smooth continuous curve y = £(x). P, is taken as fixed 
point, while P, moves along the curve ‘ 
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- | The slope of the line through PS and Py is given by 
Ho f(a + Ax) - f(a) - f(a + Ax) - f(a) 
Oe Lc + {Nx} ~ a AX 
' When /A\x is very small, P, is close to P, and the line through Py 
, and Py is close to the line through A an Pie This line through 
A and Py is called the ae Pie aa at P, and its 
° e = © 2. ° 2 
a Slope is given by then .-=0 auace <a >» if this limit 
“NS exists. If the function is bounded and continuous, but 
oan f(a + Ax) - f(a) . 
! is unbounded, then x = a will be cailed the 


-. LA\X 
3 tangent to the curve at P,. See [6]. 


This approach enables the tangent line to a curve to be defined; 
through the definition of the derivative, whereas many books use 
the reverse order (See [23] for a good development). The numeri- 
a: cal examples listed here can still be useful. If the lim 
a Ax—0 


yi : 4. ae 7 . : a e - 
tg FO Bd 2 EO) exists at a point P, the function is said to 
“os possess a derivative at P or to be differentiable at P; if the 
a - Limit exists for all points on the curve f(x) we say f(x) is 
( differentiable. Similar comments can be made for intervals such 
| asa<x < b(a&b constants). Alternate forms, such as 
* Lim f(x) - f(a) may prove useful, and can be introduced here. 
X—a2 X-a 


III. TECHNIQUES OF DIFFERENTIATION 


A. Formulas for derivatives of sums, products, quotients, rational 
functions and n rational) (u" is covered in B 


3 These should be proven in class and students should be expected to 
: memorize and be able to use these formulas, but to derive only the 

derivative of a sum. A suggested motivation for the need of such 

formulas, using distance and velocity, can be developed from an, 

equality giving the distance as s, a function of time t; s = At® 4+ 

Bt + C (A, B and C non-zero constants). An application of the A- 

process gives the instantaneous velocity v = 2At + B and the use 

of this as a formula to find velocity will quickly show the advan- 

tage of this shortcut over the application of the A -process to : 

each individual s = f(t) equation. The acceleration as the instan- 

taneous rate of change of the velocity can be generalized here from 

the patterns for instantaneous rates of change. 


It should also be proved that if a function possesses a derivative , 
at a point, it is continuous at that point. The student could 
reasonably be expected to reproduce this proof on a test. 
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B. Chain Rule QX) 


After gaining some experience differentiating y = x", the student is io 
usually tempted to say the derivative, with respect to x, of y = u", 7 
where u is a differentiable function of x, is dy/dx = nul, thus, 
he would be led to say that the derivative of y = (x2 + 2)* is 

yi = 2(x2 + 2). However, an application of the A-process, or a 
simple geometric agrument, based on a graph of y = (x* + 2)“, shows 
this to be incorrect. since v has its minimum value at x = 0. and the 
tangent is horizontal there, so y' must be zero. Emphasis on this 
and other examples may cure some students of one common error. 


At this point, the student should see the necessity for a new tech- 
nique to handle functions such as y = (x? + 2) and y= x? +4. It 
should be pointed out that such functions can be considered composite 
functions. The idea of a “function of a function" can bg introduced 
by suggesting the student make a substitution, say u = x“ + 2 in the 
function y = (x? + 2)2 so that y = u*. The student will see that 
many functions may actually be composite functions, so that there is 
a need for the chain rule. This may be introduced as follows: 





| 
If F(u) is a composite function, with u = f(x), and with | 
F and f differentiable, by the definition of derivative, | 

{ 


dF = lim AF = lim APF 


dx Ax—0 Ax Ax—0 Au . 7 , if Au is not zero | 


for values of x close to zero. Thus, u—~0 as x——30, and | 
vice-versa, since u = f(x, + x) - £(x,). It follows that 

lim AF _ lim AF erat oF lim AF lim Au | 
Ax -0 Au” Au— 0 Au ? 8° *™ ax = Ax- 0 Au x- 0 Ax 


_ Lim ie Lim u 
~Ax-0Au Axo Ax 
_aF du 
~ ‘du ° dx 


It should be carefully pointed out that the condition that Au is not 
zero for Ax close to zero is important in this development, but does 
not actually restrict the chain rule. 


The derivative with respect to x, of uw", with u = f(x), for f a . 
differentiable function of x, should be derived, using the chain rule. : 
Other examples should also be included. Note that it should be | 


stressed that dy/dx, dy/du, and du/dx are single quantities, not ratios, 
if this notation is used. 


C. Derivatives of implicit functions 


The difficulty of solving for y explicitly in, terms of x explicitly 
in terms of y) in a relation such as x5y2 + xty8 = 4 should provide 
enough motivation for the student to use the rules for derivacvives of = 
sums, products and quotients from A and the chain rule of B to find . 3 
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dy/dx. However, it should be made clear that this is only valid 
under the proper conditions; if y cannot be a real-valued function 
of x, as in x4y2 = -1, then the student should be able to see that 
there are difficulties. The requirement that y be such a function 
may be emphasized by replacing y by f(x) in each problem, before 
differentiating. 


5 D. Definitions of higher order derivatives 


As soon as students have memorized the formulas for derivatives and : 
the chain rule, it is a short step to enlarge upon the interpretation 7 
of dy/dx as a rate of change of y with respect to x to the rate of , 

a “rate of change." Thus, the higher order derivatives may be intro- | 
duced. a 


E. Definition of differentials and applications: 





4 / ee g 
3 Y (EP a(x + Ax; y + Ay) Ay os SP o $ A\x = PS i 
. | Ay = 


| £(x) + Ax) - £(x) 
| ) 3 | } ‘ T (x + dx, y + dy) | A 
| Bx) ~ 4s and Ay = f(x + Ax ~ F(x | 


f Ax x | I 
) | | 
r b t | i 
\ a, Vea 


ee lim £(x + ~ £Cx) _ . a 
since any E(x + Ax) ~ £(x) = £"(x), (£"(x) = * , the derivative) 


we can write Ay = f(x) +€ (where €--0 as Ax —> G; leave the 


proof for the third semester) if we multiply by Ax we have Ay = 
£'(x)Ax + €Ax (where € Ax-—>0). 


Now if Ax is very small, intuitively we can see that < is also small 
and € /\x will be even smaller. The arithmetic analogy of multi- 
plying two ratios, such as, 1/10 1/100 = 1/1000 will serve to con- 
vince the class. We can then write £'(x)Ax for a reasonable approxi-~ 
mation to the value of Ay. Illustrative problems can be found in all | 
texts and are therefore omitted here. 


= So th bith ai mre aaa cet Pet Ra NRE ET q 
, ~ 
a 


; The definition of dx as the differential of x, where dx can be any real 
number (in the picture above dx = Ax = BS), is followed by the - 
: definition of differential of y as dy = £1 (32) dx, which says that dy = 
\ Ay. In the diagram above, 
\ 
| 9 
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_ 4 , . differential of 
= £9 ' - erence 
: ton f= £%(x) and £"(x) = Geren’ © 
. 3 (since dy = £*(x) dx), 
SY 
Ps 
the diagram as (x + dx, y + dy). Tan # is by definition the siope 





4 but also tan @ = , Which gives the coordinates of T shown in 


= of DLT, the tangent at P,, and thus tan @ = f£'{x). The quotient 
74 of the differentials is defined so that it "behaves" like the deri- = 
“4 vative dy/dx. Iz should be noted that another way of regarding the CS 
a. diffenential is to recognize it as a linear function which approxi- = 
ae mates a given functica at a point, j 
oe: es 
a : Formulas for sums, products, quotients and uf (u a differentiable s 
Be funetion of x) should be given in terms of differentials. See [2 ay 
ing and [23]. ; 
*y, 3 
- 4 IV. APPLICATIONS OF DERIVATIVES 


f'(x) = dy/dx has been defined so that any point Pia, f(a), where 

- (ae f'(a) is defined, f'(a} gives the slope cf the tangent to the curve at 
the point P. This leads to several applications of the derivative in E 
geometric considerations, physics, engineering and economics. - 


. : A. Intuitive approach to extrema of continuous functions in an open ——- 
. 4 interval (restricted to "smooth" curves ) | C) 4 


ae See I, C, for statements of the extreme and intermediate value | 
theorems. ; 





Considering the graph of a differentiable function f(x), for - 
a<x <b, intuitively, | 4 


It is easily noted that. — ij 
if a curve has a “high 
point" (or a bottom point) 
such as P, and P, the . 
tangents at thesé points Es 
are parallel to the hori- | a 
zontal axis and their ES 
slopes are therefore zero. ‘a 





te 


Such points are called extrema; P, is at a local (or relative) maxi- ()4 
mum and P, and Pg are at local (or relative) minimum. The real 
; zeros of £'(x) are the abscissas of these points. If the minimum 4 
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value of tha function in the interval (a, b) were desired we would cs 
choose the ordinate for P,. If the maximum value of the function fy 
was requested for the interval (a, b) we would be unable to find | 
Oi1e. (see IV, $8) 


Many problems from geometry, physics, economics, etc., can be ex~ 
pressed as continuous functions, whose graphs would be "smeoth" 
curves, and whose relatively largest ang smallest values, under 
certain restrictions, are of interest. 


1. Mean Value Theorem and Bolle's Theorem 


A standard proof for Rolle's theorem is usually included in 
elementary calculus texts and is therefore omitted here. The a 
proof of the Mean Value Theorem (or the Law of the Mean) cus- _ 
tomarily rests on Rolle's Theorem, or is deferred until 
advanced calculus. (See II, C) 


These theorems should be well illustrated, both pictorially 
and by examples. It can be pointed out that Rolle'’s Theoxem 
justifies the previous discussion. The Extreme Value Theorem, 
presented in I, C, with f(x) > 0 can be re-examined in the 
Light of Rolle's Theorem and the Mean Value Theorem. 


Extrama at_end points of a closed interval, or where derivatives 


OEE perempe etaa eee 


fail to exist 


Rererring to the figure in IV, A, consider that the interval is 
afSx<£b.. Now if the maximum value of the function on the 
interval lab] is desired the answer is f(b). The minimum value 
would stili be at P,., and the statements about local maximum and 
minimum values would be unchanged. 


Examples of extrema where the derivative fails to exist usually 


, a4 | 
include £(x) = |x|, £(x) -4% ; . : el? etc., on appropriate 
-~X 3 
intervals. 
Points in an open interval (x,b) whose abscissas are the real s 


zeros of f(x) may be local extreme values. Counterexamples 
as f(x) = x9 = 3x2 + 3x = (x - 1)” +1 where £'(x) = 3(x -.1) 
is non-negative for ali x, should be graphed to illustrate the 
‘Limitations of the techniques of finding extrema. 


guch 








Interpretations and applications of first_and_ second’ derivatives 4 
for extrema for continuous functions and to curve sketching; hori~- . 
zontal and vertical tangents. 


For all functions whose graphs, in the interval under consideration 
are "smooth" and continuous, whether the functions are simple, poly- 
nomials, or arise from pnysiesl anplications. the Soliowing remarks 
apply: 


AL 








A graph of a function with a 
graph of £'({x) and £"(x) 
immediately below provides a 
good illustration of the rela- 
tionship between a curve and 

its first and second derivatives, 
as each graphically describes 
the changes in the slopes of the 
tangents to the curve above it. 





Geare | | | 


OF 
"d) I 
Fa 


é 


The real zeros of £*(x) are observed to the abscissas of the points 

where the tangents to f(x) are parallel to the horizontal axis, 

and the real zeros of f(x) are observed to be the abscissas of the 

points of inflection on f(x); where the curvature changes from con- 

cave down to concave up (or vice versa). Note that some texts use =, 
convex up and convex down, others use face up and face down. These (_) 
results should be derived. | 


Some suggested to assist students in using first and second deriva- 
tives in sketching curves are the following: 


YA 1 4 YA 





at—— br" x : ” | a 
f' x} % 0 for all x € p22} mins <0 for all x€ pa PS () = 
f" x > 0 for all xX & @ 4b £" x > 0 for ali x & a,b : 
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The following compact table is another convenient device to assist 
the student: | 


£* (x) £" (x) Shape of graph | 






See [6] and [o3} ° 


ILlustrating the use of the table on f(x) = x? - 3x to aid in drawing - 
its graph: (See Tel) 


X~aXiLS 











£' (x) 


£" (x) 





The real. zeros of f(x) are 0 and +¥3 . Therefore the graph crosses 
(or touches) the x-axis at (0,0), (-/3, 9) and (3, 0). The real 
zeros of f'(x) are +1. Therefore, the curve has horizontal tangents 
at’ (~1,2) and (14-2). The +, 0, - pattern when x = ~1 for £'(x) 
shows a local maximum (as does the bottom line of the table). 
Similarly the table shows a local minimum at (1,—2). 


The real zero of f(x) gives the inflection point as (0,0). To graph 
the function only a couple of other values would need to be added to 
the table. The real zeros of f'(x) and £"(x) are often called crit- 
ical values." © 
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Vertical tangents can be easily introduced by an analogy with hori- Cy 
zontal tangents as occuring where dx/dy = 0; or by a use of the : 
definition of the angle of inclination of the vertical line being 

90° is 0. If © is the angle of inclination then the slope is 

tan @ = dy/dx., cot @ = __1_ = dx/dy for all 0 < @ < 90° and 
90° < @ < 180". dy/dx 


Sunctions where f'(x) has real zeros, and no local extrema occur 
should also be illustrated. 


It should be noted that values for which £"(x) is not continuous \ 
may determine points of inflection on the curve. It can also be : 
seen that the tangent line to a curve at the point of inflection 

always crosses the curve. 


For example: 
f(x) = x? - 3x; £°(x) = 3x° - 3 and £"(x) = 6x 


at the point (0,0); £°(0) = 0 denoting that (0,0) is an inflection 
point; £'(0) = -3 and f(0) = 0. The equation of the line through 
(0,0) with slope of -3 is y = -3x. 


For x <0 the curve must be q 
below the tangent and be con- 
cave down; for x > 0 the curve __. a 
must be above the tangent and = 
be concave up. 





D. Maxima and minima problems 


(See IV, A, and IV, B, for a discussion of determining extreme points 
on graphs). Most texts include a section of problems arising from 
geometric, physical and economic situations where it is desirable to 
find a maximum or minimum value. Motivation will depend on the par-- 
ticular textbook being used as problems in this area differ mainly in 
wording from book to book. 


. Velocity and acceleration applied to rate problems (See I1,B for 
instantaneous velocity and acceleration) 


If y = £(t) then the rate of change of.y with respect to t is given 
at once by dy/dt. But if y = f(x) and both x and y are arbitrary | 
functions of t we can find dy/dt by using the chain rule. (See III,B) ( )j 


tr3 
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V. 


VI.. 


F. An example of the practical use of the tangent to a curve is Newton's 
method for approximating the real zeros of a function 


Newton's method is cne example of an iterative technique. Probably 
one or two problems computing first and second approximations would 
be sufficient since the arithmetic is burdensome without @ computer. 


ANTIDIFFERENT TATION 


This section may be motivated by recalling for the students the techniques 
of finding velocity given acceleration, or of finding distance given veloc~ 
ity. This should lead the student automatically to the concept of anti- 
differentiation. As illustrations of the technique a few functicns should 
be differentiated to enable students tc consider what is required to work 
backward to determine the original function. 


A. Antidifferentiation formulas 


‘These should include the formul.as for f(s) + g(x)) dx and Ja £(x) 
dy:, (where a is a constant) as well as the antidifferentiation formulas 
for appropriate functions covered in the previous section (III,D). 

The student could be expected to derive all of these. The problem 
solving nature of antidifferentiation should be stressed rather thay 
the memorization of the varigus formulas. Thus, a problem like 

dx might be followed by J2 x” dx or J (2x) dX ana J sin x dx could 

be followed by Js sin 2x“dx. The idea of a substitution to assist in 
the determining of an antidifferentiai may be in.  uced later, for 
those who need a recipe, but the problem solving approach showld be of 
value to the student in much the same way that trigonometric identities 
are. Checking the results of antidifferentiation leads to a clearer 
understanding by the student. 


B. Applications to acceleration, velocity and distance 


After the introduction to antiderivatives, the student should be ready 
to apply them at once. 


THE DEFINITE INTEGRAL 


The student may not be acquainted with the summation notation, so it 
might be necessary to — a brief or as to its meaning and 


basic properties, such as =m ak <a, + b,) and. = 3 Aa However, it 


should be kept in mind that he sigma are, is — a tool which 
makes a more compact expression, and is not at all necessary for under- 
stantling the concept of the definite integral; it only helps the student 
understand the notation. Therefore, little time need be spent on the 
summation at this point. 


A. Intuitive definition of the definite integral 


This section should be introduced by approximating the area under a 
curve by means of rectangies of the same width. The idea of a limit 
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of an abstract sum is too difficult for students to understand at 
first. it is important, when introducing the definite integral in 
this way, that time not be wasted in determining exact closed form 
values as done in [4] and.several others. The techniques used, 

while interesting and valuable, tend to obscure the basic nature of 
the definite integral, hence are postponed until the third semester 
of calculus. The time is better spent by actually calculating 
several approximations for an area, by means of increasing numbers 
of rectangles. If Darboux sums are used; an example might be to cai- 
culate the area bounded by y = x2, x = 1 and y = 0. The calculations 
result as follows: 


Se Emig ae ST EU ee CF 


Fy eer. 


he eT RS AA Gan RPE ATS TE GE eee 


First approximation oAXs == 1=1,; 2 
: Lower sun = 0+ 542222 
: ESAS 
Upper sum =>. 241 ,tes 8 
4 2 2 8 


Fe aE RS SR SUT UN TENS y HE 


Second approximation, Ax, = 0.1, i =1, 2,..0, 10 


(0) (.1) + (.OL)(.L) + (.04)(.1) + (.09)(.1) + 
wart eal = 2) aS 1) + (. ssa)? Ca) 


) = 
ne 3 ae + Cas}  Cened 
| 0.285 <A <0.385 


H 


ower sum 


ry 


Upper sum 
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If the students have learned to program a computer, they may be en- 
: courazed to carry this further. The experience should be valuable 
| to them. If Riemann sums are used, a similar example could be 
fiven. 


It should be pointed out that other numerical techniques exist, such 
as Simpson's rule, which will be covered later. 


| After the above introduction, the more abstract definition of the 
definite integral may be easily introduced. From this point ony no 
flatter what 4 definite integral may represent in a particular pro- 
lem, it should be emphasized that it is the limit of a sum. It 
should be pointed out that under certain conditions, the integral. 

| nay not exist. Illustrations should be included to indicate how this 
i is possible, such | 4 dx. At this puint & note may be made 





—_, 


of Bliss! theorem, which says briefly that for f and g continuous 
functions on [able 


er, a £( § 5 )e(9; JAX, “ F(x)g{x) dx (_) 


where § a oe maximum of the Ax,. 
16 
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| B. Fundamental theorem of integral calculus 


In this section, we may state the fumdamental theorem, and illustrate 7 
it by means of several sample problems so that the students can see 
its value, and begin to use it. 


The calculus texts [6] and [23] offer two different approaches 
that may be of value for introducing the fundamental theorem in Eas 
an intuitive manner. The derivative has been introduced fram the 
intuitive approach of velocity, and has been defined as an abstract 

limit; the definite integral has been introduced from the intuitive 

standpoint of area, and defined abstractly as the Limit of a sum. 

An intuitive deveiopment of the fundamental theorem which combine 

some of these should be of value to the student. See [6] and [23] 

for further suggestions. For a further connection between area 

under a curve and velocity, see Physics, Physical Science Committee, 

D.C. Heath & Co., 1960. 


After this introduction, the theorem should be proved. Problems simi- 
lar to those in the material on antiderivatives should be reassigned 
as definite integrals. It may be noted that integration tends to 
"smooth" a function. Examples inciade the step function, [x]. 


hey yet Li oe . Ss 
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C. Differentiation under the integral 





At this point, the idea of differentiating the integral by differen- 


(|) tiating the integrand, and then integrating may be discussed, for BB 
3 definite integrals. The theorem concerning this should be discussed, /_ 
See fo emphasis on the condiditons under which it is valid. a 
See 19]. : - 


VII. APPLICATIONS OF THE DEFINITE INTEGRAL 


In all of the material covered, students should be required to sketch 
figures for each problem. 


A. Area 


The idea that an area may be found by means of integration has been 
introduced, so it should not be hard for the student to move into 
this section. However, emphasis must be placed on the techniques | a 
for setting up the integrai. It should be noted at this point, if Z 
it hasn't been covered already, that the expression under the inte- _ 
gral is simply an idealization of the expression under the summation 
in “he definition of the definite integral. From this, it is an 
easy step to show the students how to set up the integral for an area | 
: by finding the formula for the area of a typical rectangie (or . 
4 rectangles), which is the differential of area. This-should make . 
: it easier for the student to set up the integral for problems such ‘ 
as the area enclosed by x = y* and y = x - 2 where the area must be 
split up. , 
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; 1. Area between curves and coordinate axes. The material here { ) 
should include areas strictly above, strictly below, and both ' 

E above and below the x-axis. Also, similar problems involving f 
areas bounded by the y-axis should be included. | 


2. Area between two curves. This section should be covered in 
such a way that the student can set up the integrals by means 

2 of a problem solving approach. For this, a typical rectangle 
. g (differential of area) should be drawn on the figure, and its 
a Length y width and area determined for each individual provlein. 

E This is in opposition to the cookbook approach, in which the 

3 student simply memorizes "Upper curve minus lower curve times 
_ dx," or something similar. The sketching and finding dimensions 
of the typical rectangles will be used again in the section on 
moments. 


B. Volumes cf solids of revolution, by disk, washer and shell methods. 


Once again the student should not attempt to memorize techniques, 

"4 although it will be necessary to memorize the formulas for the 

increments of volume in the various methods. Perhaps the best way 

to approach this material is to first draw the region to be revolved, 
3 and include in the figure the typical rectangle, just as done in A. 

a Then, whea the student visualizes the solid of rotation, he csn 


dt il ae PLIES a TR RTT Nn 1 


a 
ry = ‘ ~ 
& 


¥. visualize also the disk, washer, etc., which is described by the : 
ae rectangle. He can also easily determine the limits of integration oo 
x4 from the area problem. oa 


ETI Se 


Intuitive justifications for all of the increments of volume should 
be included. 


ane ree 


3 | It should be d2monstrated how a solid region might be approximated 
s by means of solid disks, or washers and shells, and it should be 
8 , vinted out again that an integral represents the limit of the sum 
Pe: that is thee determined. From this, the student should be shown 

. how te set up the integral for a volume, as indicated above. 


= by 
| 


BD. First moments and centroids 
Ee Note that the centroids are independent of the coordinate system. 


1. Moments of plane regions. First the definition should be given 
for the moment of a point mass in the plane, with respect to 
beth coordinate axes. Some problems shouid be defined for a = 
plane area with constant density. Motivation for this definition 4 
. might include the example of a balanced seesaw. At this point, 
Ss . the centroid of a narrow rectangular region with constant density 
should be determined, either by intuition or, preferably, by 
means cf integration. After this, it is an easy step for the. 
student to see how to find the moments, in the same manner as the 
:3 area problems, by taking the limit of a sum of moments of indi- 
vidual rectangular strips. For practice, the student should ( 3 
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return to the areas calculated previously for the plane regions 
and determine their centroids. For good students, the idea of 
vg. iable density might even be included. A problem should per- 
haps be included verifying that the centroid of a circle is at 
its center. 


2« Moments of volumes. The ideas of moments and centroid of a solid 

region mav be motivated by point masses in 2~svace. Then, using 7 
the known centroid of a disk, waskar or shell, the moments and - 
center of gravity of a solid of revoluation may be introduced. 4 

. The role of the axis of revolution should be carefully pointed out 
to the students. They should realize that the centroid of a | 
disk, washer, or shell, is on the axis of revolution, so that, B. 
When calculating the moment with respect to the axis, the inte- x / 
grand must be zero. A more detailed treatment of moments and q 
centroids will be included in the third semester. : 


Optional material. 


It is recommended in this report that the material on arc length 
‘and surface area_in three space be covered from the standpoint 
of vectors. However, it may be desired to cover the material 

on plane curves and surfaces of rotation at this stage instead. 
Note that due to the nature of the differential. of arc Zength, 
the problems which may be solved at this stage are very limited. 





Axe length of a plane curve 





The student should by now be used to the idea that the limit of a 
sum may be expressed as an integral. The are length of a curve may 
be approximated by 


n re eee 
» | /(Ay,)" + (Ax,)* , the limit of which is 
i=l | 

t | : 
0? fay? + ax? , ¢ Kay/ax)? +1 ax, ( I + (ax/ay)” ay, : 
; AV v ! 
1 
i? are} g 
G. if (dy/dt)“ + (dx/dt)* dt. : 
to =K& ; 


Since paremetric representations of curves have not been discussed, 3 
if it is desired to use the parametric form, some time w'll need to F / 
be spent discussing the pair of equations y = y(t), x = x(t) as * 
an extension of Section IV.D. Now such representations as x ~ a cos t, 5" 
y = a sin t, for a circle should be considered. g 
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Area of a surface of revolution 


Using the idea of approximating a curve by means of a polygonal arc, 
it is easy to develop an approximation of_a 
conical sections, as is done in 21] and [29 ; 
faces will be determined later. 


ucface of revolution by 
Areas of other sur- 
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Calculus ~— Jst Year 


ae. VIII. RIGONOMETRIC AND EXPONENTIAL FUNCTIONS AND THEIR INVERSES (10 hours) 
A. Derivatives of the trigonometric functions and corresponding 


at ~ 


/ 
/ i 
1 & 
a6 
, vy 
{ le” 
” co 
a“ 
i ‘ 
4 
d 
tar 
Peo! 43 
| 
at +) 
Ae 
I 
| # 
t 
| ¢ 
| 3 2. 
‘ 
A . 
c 
"3 
Ll 
i 
toe 
, 
. 
R B.. 
P 
| . 
t 
‘ 
pr. 
F 
AQ 
" X 
s 
7 
te 
a 
a 
of a 
- 
‘- 
s 
as? 
ie 
“ 
% 
ca 
y 
»* 
> 
4 ‘< 


= — a ee Ee ee: 


integrals. In attempting to find the derivative of sin x, 


various approaches may be used. Two very common approaches 


e @ e J id @ 
using basic trigonometric identities involving only sines and 


he Ne NP a & F wale ¥ ofp & aap ] wf & & ele 


cosines are those given in [14], [21], and [37]. Some authors 
will define arctangent x as a function whose derivative is 
1 , which will enable them to use quite a different approach. 


14+x° 


See [21]. 
definitions (Taylor's series) for sin x and cos x to obtain 
the desired results. See [3]. 


some books there is a need to find lim sin 6 and lim l-cos0. 
§ +0 8 86> 0 § 


These two limits are developed in a great variety of ways. 


Another approach is to use infinite power series 


But in the approaches used in 


Usually 


lim sin €6=1 
6> 0 8 


readily. 


is done first, from which the second limit follows 


Some discussions of lim sin 6 are approached by using 
6 >0 6 


inequalittes of three areas involving regions associated with the 
unit circle and e given angle 06, measured in readians [37], But 


[3], [6], [23], ana (5). 4 


for other approaches, see the following: 


The derivatives of.the remaining trigonometric functions may be 
done most easily by using various trigonometric identities and 
the chain rule. 


important concept of a derivative. ‘ 


The A-process may be used to reinforce the 


The derivatives of the inverse trigonometric functions and the 


corresponding integrals. Some review of the graphs and proper- 
ties of these functions may well be needed. The principal values, 


in particular will probably need to be mentioned. 


The difficulties in defining the principal value ranges for’ 


secmlx and cael x should be mentioned. 


\ 
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The student should be able to evaluate the indefinite inte~ 


grals | is and —— ° 





2 2 a +x" 
Qa —-x 


x ; 
| dt ; derivative of log, x. Some authors prefer te define 





d 1 © 
9 
log. x as | dt. By doing so, the "question of continuity 
t 
L 


causes no difficulty", according: to [10], "Since the logarithm 
is defined as an integral and therefore as a continuous and 
differentiable function, whose inverse function is also continu~ 
ous". Then we immediately have or can quickly obtain: 
= i} [29]. For a more traditional treatment, 

dx x 
that of building directly upon the elementary definition of 


log x as the inverse of the exponential function, see (63, 
e . 


[14], ana [23]. For another approach, see [34], which first 
uses an infinite series appreach for e* and its derivative. 
Also, see [2], [21], and [31]. ‘The approach should be geared 
tb the text being used. However, the committee feels that each 
of the first two approaches above have merit and should be dis- 
cussed if time sllows. Whatever approech to the logarithm ‘is 


presented, its various properties should be considered, auch 
a 


as In xy =inx + iny and iInx = alnx. Also, 


the graph should be emphasized. This could be introduced by 
plotting points, but its derivatives should be used aleo, to 


give the students a review of curve sketching. 
| tan x ax, | cot x aX, | sec x GX, and | ese x ax can 


then be developed. 


Derivatives and integrals of a and eX, These derivatives 
developed rather easily after the derivative of log, x 
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has been determined. The uniqueness of e* as the only function. 
equal to its own derivative and integral should te pointed out. 
Different methods are employed by [2], [6], [23], and [31]. 


The Jerivatives for log a X and a’ may be developed nevt. by 


using standard change of base formulas. 


IX. HYPERBOLIC FUNCTIONS 


A. The ideas about hyperbolic functions which are necessary for 


further work aan be covered in 3 or 4 hours of class work. 


The sinh and cosh should be defined in terms of e and then 
the tanh, coth, sech, and ecsch can be defined in terms of the 
sinh and cosh. Analyze the sinh and cosh functions, includ- 
ing the graphs, using methods of calculus where applicable. If 
time permits the properties of the other functions can be studied 


in a similar fashion. 


Comparisons and contrasts should be made with the properties. and 
identities of the so~called circular functions. In particular 

the counterparts of the Pythagorean identities should be mentioned, 
See {|23] for a fairly complete list of properties and identities. 


The students must know the formulas for the derivatives and 

corresponding antiderivatives of all six hyperbolic functions 

snd in fact should be able to derive then. a 
WP(x,y) 


| awe 
if y = sinh u 





B. The Hyperbolic Radian y 
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For the unit saalf--hyperbola, xe ~ y = 1 x %*¥1, we find an 
interpretation analogous to the concept of radian in the unit 


circle. 


Let x = cosh y, y = sink u and daiculate the area of the 
sector AOP in the above figure. This area is eyual to the 


area of triangle OQP minus the area of AQP. 





P P P D 
Area of AQP = | y dx = | sinh u sinh u du = | sinh u du 
A A vA i 
a 
ie P(u=u) : 
= 1 | (cosh 2u-1) du=1 E sinh all : 
coda el _+A(u=0) E . 
= ] sinh 2u-l1lue=1 sinh ucoshu- lu 
4 2 2 2 
Therefore, area of sector AOP = area of OQP - area of AOP C) d | 
| / 7 
= 1 sinh u cosh u -(2 sinh u cosh.u-l 
2 ra 2 
2 = L u Z 
or, wu = twice the area of the sector AOP ; 


‘ 
The term hyperbolic radian is sometimes used in connection with 


the variable u. 


re ee Serene 
EE Ta NE i 


C. ‘The inverse functions may be defined along with a brief analysis 
of their properties including their graphs. The derivatives of . 
these functions should be included but the corresponding anti 7 
derivatives are not absolutely essential since all integrals of° ‘| 
this type can be handled by a regular trfg substitution. The 1 
natural log form of the inverse hyperbolic cosine could be 
derived and the corresponding forms for the othtr inverse func- 


tions mentioned. O 


24 





s IC hos Sivtasnas soso, Laminmaemsast sinatenese taanehcasaan tctetetisinetaimmmeen ammenieeeninnndnamnmniai ae - nee Bd ie 
Pa 


; Y ime 
i 





Calculus - lst Year 


\ 
v D. It is suggested that if students have difficulty iategrating 
: certain expressions containing hyperbolic functions, that the 
; q .  hyperbolics be changed to exponential form and the resultant 


expression hopefully integrated. 


X. TECHNIQUES OF INTEGRATION, 
. A. Methods of substitution. It should be recalled from Section V 


that the precess of antidifferentiation is the inverse process 
of differentiation. This process can be expanded by giving the 
student some methods to integrate certain forms. The first of 
these methods is that of substitution. The basic idea. behind 
this method is, if we know that | £(u) du=F(u} + Cand 


u=g(x) then | t(e(x)) - @'(x)) ax = Flg(x)) + C. 


oP Algebraic substitutions. An example will illustrate this method. 


é |) Since [ dx = x° + C and | sin © cos © do = sin 0 + C 
2 2 


then we might show the similarity between these examples with 
|" x dx= 1 x 40 


= 
ne 2 
4 fers 9 post 0 
; J \ 


sind a(sind) sin’ 0+ C 


y 


i 
NOR 


sin @cos 0d0 sin°@ ‘+t C 


it 
NOihH 


Another example of integration by substitution is the evaluation 
of | xv I-x dx. Students have difficulty in this type of inte- 


gration because they invent a new rule, "the integral of a product 
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is the product of the integrals". So we try to eliminate this : 
difficulty by a substitution. Suppose we let uw =Vj-x. Then 
x = eg and dx = -cu du. Thr- | x i-x dx 


t TT 


|"(a-u") u(-2u du) 


i 


if 


oO | (uu) du 


~2 (= . wu’) #C 
3 y, 


7 | 
~2 (1ex)?/? ~ a2) + C 
3 5 


ti 


2. Partial fractions. This section is concerned with methods of 
integration of rational functions. That is, integrals of the 


form P(t) at, O(t) #0, where P and Q are polynomials 
Q(t) 








in t. The importante of tactorigation in integration can be C 
motivated by an example such as dx 
«3x42 
1 = 1 - 1 __ , which implies that 
43x $2 X~2 x-1 
| L = dj - dx , which can be inte- 
3m 2 } x-2 x—1 


grated. 


What is needed then, is a systematic method of separating & 
proper rational fraction which does not come under any of the 
basic forms into a sum of fractions which can be integreted. 
We call this the method of partial fractions. See [6]. 


3. Trigonometric substitution. An integrand, which contains one 


of the forms ~ 
y org J ae V ak am4u', or a° n=", (_) 


where a is a constant and u is a differentiable function, 
26 
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B. 


' Integration by parts. This section could be motivated by taking 


may be transformed into an integrand involving trigonometric 
functions. If the u substitution is tried on the above forms 
we seem to get nowhere. dowever, by use of a trigonometric 
substitution we are usually able to succeed. The student should 
take care to see that the choice of substitution leaves the 
domain unaltered. Inworking problems with trigonometric substi- 
tution, one step in the substitution that might be troublesome to 
the student is: Find sos y if sin y= x. A handy device to 
solve this is to draw the figure: hence, 


+ aptreepnart 
‘, 
» 


cos y = lex » assuming proper domain. 


an easy differential and then writing in antidifferential form. 


+h - 
Ste Dated = card nn ae Lede othebetl NASP arnt wnt on 
> 
Ad . 
* 


Thus, by working backwards, the solution of an integration prob- 


lem is found. For example: 
a(x sin x) = (x cos x + sin x) dx 
Since we know d(cos x) = - sin x dx, we can then write, 


(x cos xX + sin x — sin x) dx 


a(x sin x + cos x) 


d(x sin x + cos x) (x cos x) dx. Hence 


eS 
lx cos xX ax = x sinx + cos x + C 


} 


On the other hand we could have approached this exsmpie using the 


eo” 77 aha tienndt iba) TINA 7 “f, 
- * 
é 


following method. Compute | x cos x dx. We begin be looking 


for two functions, say f and fg, such that d(f-° g) = x cos x dx; 
try f=x and g=sinx. Then a(x sin x) = (x cos x + sin x)dx. 
So our first guess failed. However, from this failure we can see 


that a(x sin x) - sin x dx = x cos x dx. Therefore, | X cos xX ax = 
x sin x + cos x + C. The above guessing method can be formalized 
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into the integration by parts technique. In the development of 
this technique some steps should be emphasized. When the technique 
is formalized we state that 


d(uv) = udv+vdu, where u and v are different- 


uy +C = |» dv + | v au 


uv - | ¥ du = i. dv. 
It, is important to note that the constant is dropped (in some text- 
books) because the equal sign in the last expression means that -the 


two sides of the equation represent the same class of functions. 


1. Inverse trigonometric functions. The formula for integration by 
parts enables us to shift the problem from integrating one form | 
to that of integrating another, which may be easier to handle. 
This form is especially useful for integrating the inverse trigo- 


nometric forms like | cot x ax. 


e. Tabular device. A tabular device for integration by parts is to 


write the formule, in the following manner: 


indicates uv - |v du 





Computed: | * e* dx 


Hence: 








indicates 
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Approximations. The teacher should emphasize that we have fune- 
tions whose integrals are not elementary functions. For example, 
using a finite number of functions already studied, we cannot 


write an expreecion whose derivative is eX", See [37]. 


Approximation methods are necessary when ordinary integration is 
difficult, when the indefinite integral cannot be expressed in 
terms of elementary functions, or when tne integrand is defined 
by & table of values. 


Simpson's Rule and Trapezoidal Rule. Since not all integrals 
are elementary functions, a numerical method is needed to com 


pute definite integrals. Two of these numerical methods are 
Simpson's rule and the trapezoidal rule. The application of 
Simpson's rule has the adventage that it does not require a 
graph of the curve nor a determinaticn of the approximating 


parabolic arcs. See [37]. 


In the trapezoidal rule the points in which successive ordinates 
meet the graph are connected by straight line segments; in Simp- 


son's rule the points are connected by sepments of varabolas. 


A student might ask at this point, if the area under the curve 
can be approxinated by rectangles then why bother with Simpson's 
rule and the trapezoidal rule? In the problems mentioned above 
it is highly desirable to be able to estimate how much error is 
made by calculating the integral by sn spproximate method. 
Simpson's rule and the trapezoidal rule are used since error 


under these methods has a greater rate of convergence. See [21]. 


Other numerical mathods. As might be expected, better approxi- 
mations to the area of a region can be obtained cy using other 
methods, but the resulting formulas are usually more complex 
than those of either the trapezoidal rule or Simpson's rule. 

It is generally more practical in computational work to use one 


of these two rules with e larger n than a more complex rule 
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BS 


with a smaller n. One of these methods is to use Chebyshev 


i 4 polynomials to approximate the function. 


If a computer is to be used the method will often depend on 


the available memory space and machine time. 


XI. VECTORS 


"Gg covered in depth in the linear algebra course, the development 
here should proceed from two to three space on an intuitive 
basis. Theorems should be iliustrated geometrically, as most 


texts do. Proofs should be motivated and proven geometrically. 


» 3 As many precalculus courses do not contain the algebra of vec- 
ar: tors the committee recommends such a development in this first 


ig year calculus. 


3 The geomet ‘ic approach through applied vectors in two space is UL 
an probably the easiest way to introduce the student to the concepts, 
E: as previous experience in vectors would probably be in physics or 
x trigonometry. However the committee recommends proceéding into 
3 an analytic description of vectors and their zsomponents unconnected 
~ 3 with applications, since the main advantages of a vector approach 
3 appear in spaces of higher dimensions. Most books appear to have 


| 
2 A. Introduction. Since the abstract idea of a vector snould be r 
the same sort of analytic description, so this need not be 


E repeated here. See [4],[7],[8], and 123]. For a good descrip- > 
4 tion of free vectors see [23]. 7 
ss: 4 / 

_ Several things should be noted: (1) Ordered pairs of numbers bi 

3 are used to describe many mathematical quantities as well as 7 

; twe dimensional vectors determined by the origin and the ordered ce 


pair (x,y); (2) The same mathematical quantity can be described 
“i in different ways by ordered pairs (rectangular coordinates ver- 


sus polar for example); (3) vectors can be pictured in different 


iF 30 
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ways - as arrows with tails at the origin or with an arbitrary 
ae | initial point; and (4) vector ideas appear in many different 


Rs, 3 forms which must not be confused with one another. 


” wees o a hide & 


Also, since the elementary treatment of vectors defines the inner 
product, it should be noted that a vector space is usually 
required to have lews of addition and scalar multiplicaticn only 


and is not ordinarily required to have an inner product. 


B. Vectors in the Plane. A two dimensional vector can be defined 
as an ordered pair of numbers (x,y) with the numbers x and y 
defined as its components, or as a line segment whose initial 
point is at any point (a, 585) in the Cartesian plane and whose 
pS terminal point is the point (x + a,» y + a5). The magnitude of 
a the vector is then determined by the metric for the space deter-. 
: mined by the set of points {x,y). This space of points can then 
5 also be regarded as a set of vectors called a vector space involv- 
ing the concepts of the sum of two vectors and the sealar product 
of a vector, concepts not usually. associated with points. See 
3 [29] and [8]. ‘The importance of the applications of vectors in 
7 engineering and the physical seience 
_ should be stressed, The introduction — h_ (x+a, stay) 
a _ of coordinates yields a correspondence 
: 4 between vectors and sets of numbers, 


‘ fl which permits the use of vector methods 





Bey in the study of linear equations. This 
fa in tuxn leads to the concept of matrix 


which is used in a variety of fields. See [ é]}. 


aw 
IOs gM 


If the vector {A = (a) 28) is represented by a line segment 
whose initial point is the origin, then K is called a position 


vector. ‘The first and second derivatives of the position vector 


2 ® 
8 § are usually derived by the delta process with respect to time 
Cond 
, 3 using { and 5 as the orthonormal basis. The first derivative 


4 of the position vector using arc length as parameter is also | 
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customarily covered. Some texts include an orthonormal basis 
in the polar coordinate system, defining unit vectors as fodtows: 


> 2 = 8 > >. + 
uw. = i cos QO+ j sin 0; Uy = -4 sin 0+ jcos 0. 


The derivatives of the position vector 
can then be expressed in terms of these 
unit vectors. It must be emphasized that 


only the lengths of these vectors are 





constant, since their direction changes 


from point to point. 
C. Vectors in Three Dimensions. 


1. Three dimensional vectors can be defined as an ordered triple 
(x,y,z) with the numbers x, y and z defined as its components 
or as a directed line segment in three dimensions. The magnitude 


of the vector is then determined by the metric for the space. As in 


“— 


E, we have the concept of addition of vectors and scalar multi- -_ 


plication. <A vector A = (a 22%) may be interpreted as a 


7.) 
Line segment with its tenet point at (x,y,z) in E. and whose 
terminal point is at (x + QV +a, 24a 3)° If the initial | 
point is the origin then k is defined to “ a position ‘vector. 

It is desirable to treat directed quantities such as force or 

velocity (which are independent of coordinate systems) without 

reference to a set of coordinate axes. For example, Newton‘s © 


Law F = ma. Such a coordinate free treatment is made possible 





by vector analysis. See [47] for an interesting section on 


escape velocities. ‘ 


2. At this point the various forms of the equation of a line in E, 
are usually introduced; the vector form, the parametric form, 
the symmetric form, and the equations of two intersecting planes. 
Both vector and normal forms of the equation of a plane should | J 


te developed. 
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Scalar and vector products should have a careful geometric 
interpretation given. Note that the associative and distri- 
butive properties of scalar multiplication; and the commutative, 
associative and distributive properties of the inner product 


need no reference to the dimensionality of space. 


Motion on space curves is best discussed in terms of the ortho- 
a —- -—> 

normal frame of i, j and k. If time permits the orthonormal 

frames for both cylindrical and spherical coordinates may also 

be used. If this is done, an interesting proof of Kepler's three 

laws of planetary motion may be derived ‘from Newton's second law 


using vectors. See []. 


Differentiation of vectors provides a good section te allow the — 
students to do some "guessing" about the formulas for derivatives 


of dot ard cross products. Derivatives of triple products may be 


deferred until the third semester of calculus. Most texts include | 


some applied problems on the motion of a projectile. 


Curvature is one topic which is treated somewhat differently in 
various texts. The definition is deceptively easy; the diffi- 
culty is in using the formula to compute the curvature. Some 
texts simplify the business of figuring out if are length is 
increasing, if it is increasing as its parameter increases, or 
whether the curve is to your left or right as you welk along it, 
by putting an absotute value symbol on the formulas for the curva-~ 
ture. See [4], [31], and [37]. 


This is usually followed by 8 development of the unit tangent 

and unit normal vectors which form a new orthonormal basis. Some 
g00d problems in this area can be found in [14]. Arc length as 
a parameter follows naturally here. See [3]. The tangential 
and normal components of acceleration of a_particie should also 


be covered here. 
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_ ALT, PARTTAL DIFFERENTIATION 
A. Introduction. One may approach the study of the calculus of 
i} functions of several independent variables in a variety of 


ways. 


A popular approach at present is that essentially used in 

pp. 657-729 [37] or in pp. 540-588 [14]. This approach first 
develops the idea of the directional derivative or its special 
case, the partial derivative, in two and three dimensions. This 
is done through a A-process development similar to that used 
for ordinary differentiation. Another approach, used in pp. 156- 
218 [4,II], for example, first develops the derivative of a 
scaler function of a vector with respect tc another arbitrary 
(direction) vector. Coverage here should contain many geometric 


a illustrations. 


B. Functions of several independent variables. This should probably = 
be restricted to two or three independent variables in this first- _ 
year course. Examples of one, two, three and more variabies 
should be given, i.e. A = i P= 21 + Qw, V = lwh, etc., and: 
then generalized to y = f(x), 2 = g(x,y), ete. Finally, the 
informal introéuction should be concluded with the forma: defini- | 


tion appropriate to the textbook being used. 


<a a es Scalar fields. By replacing each point in the plene or in three 
: space by its position vector, we may write, for exanple, f(x} 


? in pl f £( ), wh x = ( a Paxd + xk 
tye in place of f Xy 2X5 XQ) > where xX = XH) 2X5 »Xg = x,1 XoJ X. ° 


This notation has the real advantage of conciseness and generality. . aa 
= Regardless of the number of dimensions, the scalar-valued function 

> > . 
at point x is then simply f(x). This -. ection of a vector x 


a variable defines # scalar field, as in [4], 11. 


ytd 2,, Neighborhoods and open sets. A neighborhood of a point mey now 7 
ve defined.as an open circular disk in the plane and an open | : 


: spherical solid in three~space. The open set may then be easily Ne 
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4 % 
| and naturally defined, as in [4], II, or [14]. Also, the neighe 
7 borhood of a vector, (x |x ~ A <r, r > 0}, should be included. 
a C. Derivative of a function with respect to e vector. See [4],II. 
4 iit we follow this approach, we may now define the derivative of : =" 
f at the point xX with respect to Ys denoted by 3 
(x;y) = lim f(x + hy) - f(x) . . 
h+0 h q 
+> tt F 
. 1. he directional derivative. If y is a unit vector, f'(x;y) 
: is called the directional derivative of f at x in the dimxec- Eo 
° tion y. In case x = (x) this gives us the ordinary derivative: 
= = #'{x;1). I$ should be pointed out that, as defined above, : -. 
| these are still two-sided derivatives. That is nh>0O and h> 0 - 
3 or h <0. However, [37] defines a 
¥ wa 
: ‘af = lim f(x + Ax,y + Ay) - f(x,y) | | 3 
E ds AS + 0 AS for a function of two ‘ | 
4 - V2 2 | _~ 
i 4 variables, where AS =WVAx” + Ay > O. But we have | 
f'(x;y) = lim £(x + hy) - £(x) ? 
. h-~ 0 h = 
. 3 + 
a “te f; 
4 = lim £(¥ - hy) - t(x) | 
| h> 0 } ~h : 
i = lim £(x + b(-y)) - £(X) | E . 
i h->0O n 3 
; = -£(x5-y) - 
a This would not be tiue, in general, fer the one-sided derivative 7 
ad - defined in [37]. 
¥ If a more standard approach to the dircctional derivative is ) 
desired, point out that it is nothing more than a generalization ; ; 
4 of the partial derivatives. That is, the dérectional derivative 7 
: 35 | 
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is the slope of the tangent 


line at P to the curve formed 







by the intersection of the plane 
perpendicular to the xv axes and ( 
at an inclination of 9% from the 
x axis. <A diagram can then be 
‘4 used to formalize the definition of the 
directional derivative by using the 


following argument: 
: x (x,y,0) 


The rate of change of f(x,y) with respect to its projection 
on the xy plane, call it x will be given by: = 
4 ) Lim f(x,y} - f(a,d) | = 
3 gs * 0 S 

; ] which, if the limitexists we call the directional derivative 


of the function at the point (a,b,f(a,b)) in the direction ®. e re 


of The discussion should be carried.to a logical conclusion by 

deriving the formula for finding the directional derivative. 

That is, substituting for x and y above the parametric 

equations x = a+s cos 8, y=b +s sin §& and applying q 
3 the chain rule to obtain: ,; ¥ 


D,ffasb) 22 f, (a,b) cos 9 + f,,(asb) sin 9. 





4 : 
f ce aS 


2% The partial derivative. When y (in the discussion above} 


q, q, or K, we have a special case of the directional deri- 


+ + 
pi + XoJ + XK, and y = 5, then f'(x:y) = f£°(%;3) is known 


as the partial derivative with respect to X, OF tne derivative 


| 
is | 
; vative: the partial derivative. For example, if K = (x, sXp 2X4) = E 
x 


come Ps 
in the j direction. Notations prevalent here include: 


“2 Of(x 9X9 X& ) | ' ; = 
1°23 Da f(x, 5% p.x5)  £) (x Xp.%g), or f, . See [4] ,1z. Clg 
Xn 2 2 4 
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+> + > 
(Often, we write x =xi+t+tyj +2k in 3+space. Then we 
would have above of of f ). 
is NA 
y 
3. UCortinuity and limits of a scalar field. When we differentiate 


a scalar field f, we obtain a new scalar field f'. Continuity 
and limits in such fields can be briefly defined, as in [37], 
C14}, or [4]. Then it may be briefly mentioned that many limit 
theorems which are true in one dimension remain valid in two, 
three, or n dimensions. However, an important difference shoukd 
be mentioned: The existence of the derivative of f at a point 

x implies continuity of f at x, in one-dimension. But this 
does not hold in higher dimensions. A scalar field may be differ- 
entinhle in all directions at some point and yet be discontinuous 


at that same point. See [4],II. 


4, The mean-value theorem for scalar fields. The student is already 
familiar with this theorem in the one-dimensional derivative form: 
f(b) - f(a) = f'({c) * (b - a), where a<ec<b. This can now be 
f(x + y) - £(x) = t'(zsy), where Z2=x + Oy, 0< 0 <1. 
Letting i = x amd B = x + y5 we obtain 
£(B) - #(A) = £'(z;B-A). 


The full requirements of the theorem may be found in (4],TI. But 


the analogy is clear. Geonetrically, we have 
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5. Linearity of the derivative. It may now be shown that f'(Asy) 
: -> -> > > 
is a linear function of y. That is f'(a; ay + bz) = af'fAsy) 
<> 
+ bfi(A;z). As in [4],II, this may be derived in two stages: 
one showing the homogeneous property e'(K; cy) = ef'(Rsy), _ 


i 


y, ?f (x) + yf (x) +y f (x) 
Xy Xp "3X, 


other the additive property £"(Asy sy z) = £' (Ay) + £' (A; Zz). 7 
woes this immediately to three vectors, we obtain 
3 : 
£' (x; : yA.) = e'(x;A,). In particular, if A, = f, ; 
k=1 k=] 3 
> > > “. = > 2 
R= J, and A, =k, with ¥ = (yy.¥osyg) = yy! + ¥od + yk : 
a x = ( ) = Tax 5+ xk 
an x = Xy 2%Xp-XQ = x,1 Xod Ke ; 
then we have 
> > 
e'(xsy) = 2 y,f'(x5A,) 3 
k=1 ; 


Pied 
é 
; 
\ 


Thus we may express the directional derivative as a linear combina- 


tion of the partial derivatives of f(x). 


D. The gradient of a scalar field. We have been considering the 
scalar fiela f(A) and the derivative ft(A) in some direction 
ye The directional derivative of any scalar in each direction 
is a scalar. If we single out the direction that corresponds to 
the maximum derivative for each scalar, max '(K) for each hy 
we have a vector field. This vector field finds use in such a 
variety of applications of vectors that it 12s been given a 


special name "the gradient." 


1. : Befinition. The gradient of a scalar field is a vector that 2 

| represents the direction and magnitude of the greatest change. 3 

Two common symbolic representations for the gradient of a scalar 
fivia f(K) are "grad f" and Vf (pronounced "del f"). 


RAPP Ep a pen procera 
; * q 
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. 7* » 
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if we recall, from the previous work with directional deriva- 
tives, that e'(xsy) = ve(x)-(y) = [£{x)|]y]eos © where 6 is 


the angle between ve(x) and y we may deduce: 


B. f' (x;y) is the component of vf(%) in the direction of the 
unit vector y. 
b. the directional derivative f' (x3y) has a maximum value 
when 6= 0; that is when y has the same direction as 
vf(x) 
c. max f'(x3y) = | ve (x) | in this case. 


Using a, 8, and y for the direction angles of y in 3-space 
we may write y= icos a+ J cos B + K cos y and then 


f'(x3y) = f (xX) cosat f (X)cos B +f (x) cos y orif 
, x Xp Xo 


xexi+yreak f'(x3y) = fcosa + fcosp + f cosy. 
Armed with this, we now may turn our attention to the mean-value 
theorem for a scalar field. 
If we consider two scalars (A) and £(B) the mean-value theorem 
has the form; 

e(X) - #(B) = £(z) - (K - B) where Z ilies on the line 


segment connecting AK and B. See p- 170 [4J,II. An excellent 
physical motivation of the gradient may be found in [ ]. 





The tangent plane and the normal line. If L(c) = {x]x e § 
and f(x) = c}, then L(c) is called the level set of f. In 
two space L(c) is called a level curve, in three space L(c) 
is called a level surface. If f is defined in 3-space and 


f(x) =c it is quite easy to show that at any point 





x = (x, s¥4 024) where f(x) #0, f(x) is normal to L(c). 
See [4],II. 


If the concept of direction numbers for a line has been developed, 
and the student has found that the direction numbers of the normal 


to a surface are given by f fy f. then the fact that the 
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direction numbers and the components of the gradient are the 

same is easily seen. The equation of the tangent plane to 

f(x) =c at X= (x, s¥4 024) is A(x-x, ) + Bly-y,) + C(z-z, ) = 0 
where A=f,, B= fs C= f, all evaluated st x = (x, sy, 024): 


The normal line may be seen to be x - X,. ¥-Y¥,. 2-2 


1 


A B C 


where A, B, and C are as above and non~zero. 





The aiternate forms for the normal line: 


x - X, = 
roy, = or (x, t+At, y, + Bt, z 


Z- 2, = 





where t is a parameter, leads to a more general form of a 
line in space (f(t), e(t), o(t)). This may be used as a review 


by developing all of the concepts, previously develcped by vec-~ 


tors, using parametric forms. The instructor may wish to develop — 


the concepts first by parametric form and then consider vectors, ) 
or develop by varametric forms and leave out vectors aitogether, 


depending upon the nature of the class in any particular semester. 


Maxina and Minima. One of the principal applications of differ— 
entdation. of functions of one variable occurs in the study of 
maxima and minima. In thet study we derive various tests using 
first and second derivatives which enable us to determine rele- 


tive maxima and minime of functions of a single varisble. 


The study of maxima and minims for functions of two, three, or 
more variables -has its basis in the following theorem (or its 


extension), usually stated without proof, at this level. 


Tneorem. Let R be a region in the xy-plane with the boundary 

curve of R considered as part of R also (see figure). If 

f is a function of two variables defined and continuous in R, 

then there is (at least) one point in R where f takes on a 

maximum value and there is (at least) one point in R where f () 


takes on a minimum value. [28]. 
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Definition. A function z= f(x,y) is said to have a relative 
maximum at (x 9¥,) if there is some region containing (x s¥,) 


in its interior such that f(x,y) € f(x, ¥,) for ail (x,y) in 





o 


whenever |x - x_ |< 6, and |y - y_|[< 6 then [r(x .y_) - Fox.) 


, 
this region i.e. For any € > 0 there exists a € such that ; 
7 
< e€. (7],f24),[29] [37] ,[4],12. 
€ 
f 





Alternate Definition. Whatever the domain R of f, it may 





happen that there exists a point p € R for which there exists 
a neighborhood N(p,6) such that for every x€R WN(p,8), 


3 f(x) £ f(p). One says that at p, f(x) has a relative maximum. 


[35],{7°]. 


Similar definitions hold for relstive minimum and are easily 


extended to functions of three, four, or more variables. 


aE SE me ee ie pee, ES EE ETT o iat ath alee a AT a vee i 
s %~, + e . 
& e 7» 


Theorem. Suppose that z= f(x,y) is defined in a region R 


A 
° 


containing (x o¥,) in its interior. Swppose that f(x s¥,) 

‘ cies Z a 
and f(x. sv) are defined and that f{x,y) f(x 97) for ' 
all (x,y) in R; that is, z= f(x sy) is a relative maximum. 


Then f(x s¥,) = f(xos¥5) = 0, 


The same result holds at a relative minimum. The proof of one 


of these results usually occurs in the text. 
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Definition. A value ( X2V,) at which both f, and f vanish 


is called a critical point of f (stationary point of the surface 
2 = f(x,y)). 


This is a point where the tangent plane is horizontal. [uj sll. 


conditions for a relative maximum or a relative minimum. It is 
easy to find a function for which f.. and fy vanish at a point, 
with the funetion having neither a relative maximum nor a relative 
minimum at that point. A critical point (stationary point) at 
which f is neither a maximum nor a minimum may be a saddle 
point. A simple example of a function which has such a point is 
given by f(xsy) = x" y*. {28], Maxima, minima, ond saddle 
points may be defined in a geometric manner, as in [14], [37], 


[4J,11, [17]. 


The conditions that f. and fy vanish at a point are necessary 4 


The following examples illustrate several types of stationary 


O 


eet Ott 
1 
, . 
¢ 4 r, ey Sey GK Ag 
a 
f . 
co 


points. In each case the stationary point in question is at the 
origin. | 


Example 1: Relative maximum. z = f(x,y) = 2.- x - y". This 
surface is a paraboloid of revolution. In the vicinity of tie: 
origin it has the shape of a nose cone of a rotket. Cross set= 
tions parallel to the xy=plane intersecting the z-axis between 
z-= 0 and z = f(0,0) form concentric circles. Since f(x,y) 
£2 (0,0) for all (x,y), it follows that f not only has 

a relative maximum at (0,0) but also an absolute maximum on any 





set containing the origin. Both partial derivatives i and 
f. vanish at the origin. - = 


Exartiple 2: Relative minimum. 2 = f(xsy) = re + y*, This 

exaiiple, anothér paraboloid of revolution, is essentially the ; 
same a5 Example 1, exeept thet there is a ninimum at the ori- 4 

gin father than 4 maxiimun. 
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Example 3: Saddle Point. x = f(x,y) = xy. This surface is 
a hyperbolic parabcloid. Near the origin the surface is saddle 





shaped. Both partial derivatives f and fy are zero at the 
origin but there is neither a relative maximum nor a relative 
minimum there. In fact, for points (x,y) in the first or third 
quadrants, x and y have the seme sign, giving us f(x,y) > 
O = £(0,0), whereas for points in the second and fourth quad- 
rants x and y have opposite signs, giving us f(x,y) <0. 
Therefore, in every neighborhood of the origin there are points 
at which the function exceeds f(0,0), so the origin is a saddle 
point. Cross sections parallel to the xy-plane form a family 
of hyperbolas having the x- and y-axes as asymptotes. | [4] 12. 


The basic criterion for finding maxima and minima for functions 
of two variables is the Second Derivative Test, which foliows. 


Theorem. Suppose that f and its partial derivatives up to and 
including the third order are continuous near the point (a,b), 
and suppose that f, (a,b) = f (a,b) = 0; that is, (a,b) is a 


critical point. Then we have 


4) a local minimum if | 
2 
om > > 
f (asd) f (a,b) fy (820) O end f (a,b) > 0 


a 


141i) a local meximum if 


2 
= > < 
f (a,b)f (a,b) fy 6890) O and f,,,, (250) ¢) 


iii)a saddle point if 


2 
fy (@sb)£, (asd) - fy (esd) < 0 


iv) ne information if 


2 
} on = 
fy (a:0/£ (a,b) =f ' (a,b) = 0 


Proof. (h],1I, [17], [24], [26),12, [28], [29], [35]. 
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a) 


E. The Increment of a Scalar Field: Af. [29], [4J,II. 


Definition. Let f be a function of two variables and let 
z= f(x,y); let Ax and Ay be increments of the indepen~ 


dent variables, x and y; then 


Az = f(x + dx, y + dy) - f(x,y) 


is called the increment of the dependent variable 2 which 
corresponds to the increments Ax and Ay of the indepen- 


dent variables, at the point (x,y). 


We now have four independent variables, x, y, Ax and Ay, 
and in general Az depends on all of them. } 


The next theorem enables us to express the increment of a 
function of two variables in a useful form. 


Theorem. Let f be a function of two variables with t. and 
fy continuous in a rectangular region RF of the xy~plene, . 
and let (x,y) be a point inside R; then fer each point 

(x + dy, y + dy) in R, | 





f(x + dx, y + dy) - f(x,y) = f,(x,y)dx + £(xsy day +6, dx +O,Ay, 


dhere 0, and @,, are functions of both dx and Ay such 7 
that ©, +0 and 0,+0 as Ax +O end dy +0. (37], [35]. 4 


1. Chain Rule for derivatives of scaler fields. [18], [23],II, 
[2h], [26], [28], [37], (47. tet z= f(x,y), while x = alr,s), 
y=h(r,s). If s changes to some value s + ds, while r F 
remains fixed, then x chenges to x + dx and y to y + dy. 
The z changes to f(x + dx, y + Ay}. Consequently 
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. 


Az f(x + Ax + Ay) ~ f(x 

As As 
: =a f(x + Ax + Ay) - f(x,ytAy) + £(x,ytAy) - f(x 
Ae O 
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Applying the mean value theorem for functions of one variuble, 


AZ. _Ax . Ay. 
As = fy (Xo ¥ + Aye + f(y, a8 


cy’ 
ra) 
cr 
= 
a) 
a) 
om 
<i 


and x + Ax and 


?§ 


where x, lies between 
and y + Ay. As As approeches O, Ax and Ay approach 0. q 


Moreover, if f. 1s continuous, and we do suppose that it is, 4 
f(x » y + Ay) approaches f(x,y). The anslegous statement . 


applies to fi» Hence = 


Z = lim Az = f(x,y) x + Ff (x,y) y.. : 
As +O As 7 . y _ 


We write 2. or dz rather than dz because 2 is a func-~ 

os ds : E 
tion of s and r and we are considering the rate of change a» 
of 2 with respect to s only. Similarly, 4 


z= f (x,y) x, + f(xy) y oe 


The last two formulas sare the chain rule for functions of two 9 


variables. The same type of argument leads to a number of varia- 





tions of the chain rule which fit different situations. For some 3 


~ 


3 examples see [4]. See [17] for another approach using the 
7: Total Differential. Also see [1°], for the Chain Rule in both : 
“4 gradient form and matrix form. Yet another approach using 


4 vector notation is found in [4],II ana [ 2‘]. 3 E 
Let F be a vector field defined on an open set S, say 


yj -— ~> 
“| F(x,y) = P(x,y) 2+ O((,y) 3: 


where’ P and Q are continuousiy differentiable on S. Let 4 
u and v_ be two real functions that are differentiable over ; 
(a,b) and assume that (u(t),v(t)) € S for each te (a,b). - 
Let 
#(t) = Flu(t), v(t)]. ; 
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Then F(t) = D Flu(t),v(t)] ut(t) + D. Flu(t).w(t)} v'(t) 
“> 7 > > ~> o> 
where DF=DPi+Daj and oF=DPi+naf. 


(1) may be differantiated to give r'(t) = _OF u'(t) + E vitt), 
ox 0 


The Total Differential. We now define Ax = dx,A y = dy, and 
dz = fax + f ys where x and y are independent variables. 





We then note that Az = dz +3.,x + 96 ye 9,79 and 35% 0 

as «+0 and yO, thus dz is a good approximation to 3 
2 for "small" x,y. [5] Also dz = fidx + f dy is. valid - 
even when x and y are not independent. [4°], [37] Suppose | 


1 


x=x(r,s) and y = y(r,s), then 2 = f{x(r,s),y(r.s)] = Flr,s). 
If we consider the above as a function of r end s, then 
dz « Far + POs For + F ds re f dx + £9y as @ consequence 


; i.@. | C) 


dy = f(x er + x , 8) + f(y ar + ¥ ds) = (fx, +! fy, ar 


of the chain rule for derivatives. 


+ (fx. + fy, ax 
s For + F ds. 


Note that +r, 5, dr, and ds are independent variables, but 
dx and dy are not. [2h], [26], [28], [17].: 





Mixed Partial Derivatives. ‘he partial derivatives of f(x,y) 
are themselves functions of x and y which may have partial 
derivatives, called the second partial derivatives of f(x,y). 


The partial derivatives of ae (x sy) are defined by the formu- 


las: 


¥ 
t ow 
' t 
= 
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; a of(x y) ; of (x + hy) _ of (x oy) i 
3 = lim 0X Ox 
ox h->0Q h 
of (x -) . Sh fay + h) _ df (x,y) 
Ox Oy . Ox 
h * OQ h 
i” If w= f(x,y), then the second partial derivetive of the function 
a4 | with respect to x is variously designated: 
a 2 2 ; 
4 df ;dw 3;f_: | 
. : ax 7 ay $ | 3 xX 9 Worx 3 "141 om 


sg Other partial derivatives are designated as: 


“4 £ rte 
k 





2 
: of = <2 = 9 /_w)= f. = wos f 
7 ox oy Ox dy By \ Ox xy xy 1,2 
: 4 
2 e 
_ of = dw = a (w)et ews ¥ 
dy dx dy ox Ox oy yx y* est 
| _ i 
, Ss 
' art oe * ok ( ar \= ar 3 a7f = Bet) 3 ( at) | 
e » 4 ; i o- 
x Oy ox \dx oy 9x- Dy Jeo ox yee oy dy" 


Tt should te pointed out that the order of partial differentia- 

tion is immaterial, provided the function and its various partial 

derivatives are continuous} gPtdp signifies p differentia- 
ax” ay? 

tions with respect to x, q with respect to y.» Extension to 

more variables should be discussed. 





G. Implicit Functions. An equation involving x;,y, and 2 
establishes a relation among the variables. A solution for z 





in terms of x and y may have one or more functions deter- 
mined by the relation. Partial derivatives can be computed 
implicity from the original equation in a way simiiar to the 


methods used for ordinary derivatives. (x and y are considered 


3 fixed and differentiating the original equation with respect to 
: x, @ 9% may be computed). 
: “> | 
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H. 


L. 


If f(x,y,z) = 0, then the 9% can be found by finding the 


ox 
quantity <i In similar fashion other partial derivatives 
are 
az 


could be found. 


Line Integrals. 


Line Integrals in the plane. | | 
Definition: Suppose there is a number L with the following 
property: for each @>0 there is a 6 >0 such that 


| . £(E, n(x, - x, ,)- ty <e for every subdivision | 
inl : 

with | a] |<5 and for any choices of the (E,5n,) on the plane 

curve C from A to B. ‘Then the line integral.of f with 

respect to x along the curve C exists and its value is lL. ( ) 
Symbols representing this line integral include: 


| : | 
| f(x,y) dx and (o)| f(x,y) dx. 
Cc A 


| f(x,y) ds is the line integral of f(x,y) along C with 
C 


respect to the arc length &. 


Attention should be called to the fact that if the are C is 
traversed in the opposite direction, the line integral changes 
sign. 

| f(x,y) dz = - | f(x,y) ds 


C 
 AtoB RBtoR 


O) 
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2. A Geometric Interpretation. Consider a closed curve C tangent 
to the striaght lines x =a, x = b, y=da, y = e, and of such 
shape.that a straight line parallel to either of the coordinate 
axes intersects it in not more than two points. Let the verti- 
cal line through any point M intersect C in PS and Pos where 
P, and P, have y coordinates y, (x) and ole), respectively. 


Then if A is the area enclosed by the curve, 


b b a b 
A= | voit - | yer | vote - |v ae = yo 
& &, b a (c) 


The last integral being taken around C in a direction counter 


clock-wise. Y 


ee LE 8 ae 


wo Q \ 
' V4 Q. 2 
: 
N | 
y= d i, — 
| ‘on 


0 ay b 
Similarly, if the line NQ, intersects C in q and Qo» with 
x coordinates x, (y) and xo(y)s respectively, then 





Sf e e e 
q As | x dy _ | x, dy = | Xn dy | x 199 = | x 
ad +a a e J(c) 


the last integral being taken also in the direction opposite to 
the motion of the hands of a clock. By adding the two values 


of A, we have 


OA +| (-~y ax + x dy) whereby A= 1/2 | (-~y dx + xdy) 
(c) (C) 


3. Path Independent Line Integrals. Suppose that P(x,y) dx + Q(x,y)ay 
is an exact differential. That is, there is a function f(x,y) with 
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af = P dx + Q dy. Then the line integral | P dx + Q dy 
C 


depends only on the end points and not on the arc C Joining 
them. This may be extended to more variables. The integral 
of an exact diiferential taken around a closed path is, in 
general, zero; while the line integrals of other differentials 


around a closed path are not zero. 


bh. = Work. When F = P(x,y,z) £ + Q(x,y,z) § + R(x,y,z) k is at | 
least a piece-wise continuous vector. function specified along 4 
& smooth curve C given by the vector equation r = x t +y + | 


2kar(s), 0 £8 €1, -then the line integral F ar = 
C 


| P dx +'Q dy +Rdz represents work when F ir the “orce 
C 


acting on a particle moving along C. 


5. Evaluatioti-of a line integral. If the integrand can be easily OF 

expressed in parametric form, the integration may be performed E 
with respect to only that parameter. If on# of the variables 5 
cen be easily and explicitly expressed in terms of another, the : 
integral may be changed to one involving only one variable. E 
In cases where parts of the integral would vanish, such as along 
& polygonal path ‘ith segments parallel to the coordinate axes, 

the line integral might best be taken in parts, degenerating 
to integrals of single variables. In the case ofa path-indepen- 
dent line integral, when an exact differential is noticed as the 
integrand, the best method may be to take the difference of 
functional values at upper and lower limits. See b and c. 


a. Evaluate | Ixy dy - y dx] where C is the arc x = t*, 


1 
y= 6t+3,0<t<1 | t“(6t+3)6 at ~ (6t+3)2t at = 8 
O 


noting dx = 2t dt, dy = 6 dé. 
4 
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b. Evaluate | [(x + y) dx + (x - y) dy] where C is the straétght 


C 


; 3 line segment from (0,0) to (2,1). Since this segment is y =1x 
2 


or x = 2v, dx = 2 dy, and ve get 


1 
| [(2y + y)(2 ay) + (2y - yay] = 7/2 
0 


c. Evaluate | [(x + y) ax + (x ~ y) dy] where C consists of 
; C 


the straight line segment from (0,8) to (2,0) followed by that 

from (2,0) to (2,1). Noting that along the first segment y = 0 , 
and dy = 0, and along the second segment x = 2 and dx = 0, we 

get 


1 1 
| (x + O)ax + (x - 0)(0) | (2 + y)(0) + (2 - yay = 7/2 
0 @) 


d. In examples b and c above, the integrand is an exact differen- 2 
tial. It can be shown that in this situation the line integral ; 
is path-independent and can be evaluated by finding the function I 
for which it is the exact differential and evaluating at the 
limit, Evaluate | [(x + y)dx + (x - y)dy] where C is any 
x 


ape . * 
ET rat ee 


from (0,0) to (2,1) 2,1 
9 


; 7 x° 2 
4 ry + xy - : = 7/2 
| 0,0 
" = 2 2 2 
e, Find work if a force, F = (x“-y)i + (y°-x)j + (2 -x)k moves 
a particle from the origin to (1,141) along a straight line. 
Since, along this line, x =y =2, dx = dy = dz, we substitute 


2 | 2 2 2 . 2 
3 Work = [ (x ~y)ax + (y-x) dy + (z -x)dz] = 3(x ~x)ax = ~1 
lic 0 . x 


ob 


BERIC___. 


POE RRR UT EAE, SEP Sn, SU" a LE HE, Sep ERR RP Peay Er Te ERR PTT ER ETRE AT 
> € 







































Calcuius - ist Year : Q 
Find the work if the same force moves the same particle from 
(0.0.0) to (1,151) along x =t, y =t°,2=t, Here it 


might be best to substitute dx = dt, dy = et dt, dz= 36° dt 
h 





1 
Work = | 
| 0 
XIII. MULTIPLE INTEGRATION 


1 
0 adel, (t 


2 st a . 2 . 
- t  )2tdt + (t~ - t)3t dt = a 
0 0 


C 


Some authors develop the concept of multiple integration from a 
general n-dimensional point of view and introduce the double and 





triple integrals as special cases (See Bell, et al, Modern Univer- 
sity Calculus). In this syllabus the double integral is taken up 
separately from the triple integral with the trinvle integral as 

@ logical extension of the double integral. | | 


A. Douhle Int egral ; 


1. Motivationel Examples. A novel way to introduce the double or 
triple integral is to consider the protlem of finding a function 
of several variables if sane partial derivative is known (See 





[8])}. For exemple, find f(x,y) if _af of \ = x. The stu- 
dy \ ox/ - _ ; 
dents should have no trouble in seeing that of = exy + C : 
ox g 


and that f(x,y) = x“y + Cx +D 


Most authors give examples of finding the area of plene regions ) 
bounded by a simple closed curve and approximating the volume of 2 
a three dimensional region bounded above by a surface and below 


by the xy-plane. 


2. Formal Properties of the Double Integral 


Definition. (The double integral is defined as the volume of the 
three dimensional region bounded ‘above the surface z = f(x,y) 
and below by a region of the xy plane). Let R be a region of () ; | 
the xy~plane bounded by a simple closed curve. Let A bea set : 


¥, 
52 | a 
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of n non-overlapping adjacent rectangles formed by two sets 
of lines respectively parallel to the x-axis and y-axis which 
jie completely within K, and denote by |!Aj|the length of the 





longest diagonal of all rectanghes in A. Denote the rectangles 
in A by Ty2VoePgse-+s%,s and denote their areas by A(r,), 
A(r,),.++,A(r_), if f is a function defined for all (x,y) 

in the region R, and if (a, sb; ) is any point in r,> then 

the function f is integrable over Rif and only if the 
following limit exists: 





z Lim } f(a,,b,) + A(r,) = 
: [Jal[ +o isa 
The limit L is called the double integral of .f over R and 
is written 
f(x,y) dA 
R 
The following figure gives a geometric interpretation of. the. 


definition. 





Wad Ib ae : 7 
AxbRE z= £(x,y) | 





Theorem. If f is continuous for all (x,y) in a plane closed a 


region R, then f is integrable over R. 


For proof, see (2h). : 
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C) 


Theorem. If ec is eny number aud if f is integrabie over 
R, then ec f is integrable over R and 





ec f(x,y) dA = c {{ f(x,y) aA. 


{ 
We Wr 


The proof follows from the definition above and a property of 
limits. 


Theorem. If f and g are integrable over R, then f + g 


is integrable over R, and | 4 
R R : R 
: The procf follows from the definition above and e property of a 
: limits. | 
5 4 44 + : . 
Theorem. If R is dezomposed into two subregions Ry and Rp () : 


such that RV R, = R and RO Ry = G, andif f is 


continuous over Rk, then 


ane 


“1 2 


q 3,  Evaluetion of Double Integrals. An intuitively appealing way to 
introduce the student to the iterative process is given by the 
example on "enti-partialdifferentiation” given in 2 above. 


the teacher shoule state clearly the theorem on evaluation of 

q double integrals by the iterative process, and he should snow by 
: examples that the student should be able to use both orders of 
iteration. The following example might be used: 


Z Evaluate | | x°y* dA where R. is the region bounded by y = 1, a 
y= ey Kk = 0, and x = ys | 

: Be | 

= j 
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First, note that R= {(x.y) |i ¢y42,04x€y }. Hence 
ef ry (° y 
| x°y* cA = | | x?y" Ox}; dy = } BE wy" | dy 
R LL 0 1 | 3 0 


. 
ze oi | y° dy = 1/2 
3 


The above method is less involved than the following: 
Note that R={(x,y) |O¢@#x@#2,1¢y42 if Of x1, 
3 and xf£yf2if 1<x 2}. Therefore 


‘ Lf 72 a} 72 LT 
7 | xy” aA : | | x°y* ay | a +| | x-y* dy | dx. 
| 0 

R 





1 


UL 'x 


See fhe figure below. 





0 i 2 


4h, Counterexample. The fcllowing example is given to show that the 
iterated integral may exist while the double integral may fail. 
‘sin y if x is rational 


er | f(xy) dk if f(xy) =\_oiny if x is irrational 
R ; ” 


and R = {{x,y)] O0&x€ On, OF y € Qn }. 


‘ fon en 2 
} First, note that | | t(x,y) dy dx «= O, since | f(x,y)ay = 0 
5 ~ Ig lo 0 _ 
3 95 
0 _ 
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for x rational or irrational. 


Observe as follows that {| f(x,y) dA does not exist. 
R 


Subdivide R into two subregions R, = {((x,y)]| 04 x € on, 
O@yé&t, and Ry = {(x,y)| @ € x € an, w< y Qu}, then the 
defining limit may be written , 


Lim ) f(a, yb 


i 
[}afl*o 


) A(r,) = lim p f(a, ,b,) A(r, ) 
[Ja] |>ob's 


+ ) ftfe,,d,) Alr,) |, 
= x Nadal | i 
2 


where (a, »b,) is any point in r,. 


Fixvst, evaluate the limit by choosing a, rational if P, & R, 


and a, {rrational if r, = R,- 


Then lim  ) f(a, ,b,) A(r, ) = lim |! sin b, A(r,) 
, R : ) R 
[a|l+ o [a] + ob’ 
+ y ~sin b, A(r,) = 6m, 


i 
Re, 





Now, evaluate the same limit by choosing a, irrational if 


r,€R, ahd a, tational if r, = R,. Then the limit becomes 
lim [ ) -sin b, A(r,) + ) sin b, A(r,) = «O47, 
[lal |> ol Re 


For the limit to exist its value must be the same for all choices 
f of By Heneé, the double integral fails. [7]. 


5. Applications of Double Integrals. 


a, Area. Referrihe to the definition of the double integral, if 
f(x,y) = 1, the student should see that the integrand becomes 
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the increment of area for a plane region. It should be carefully 
demonstrated that the limits of integration must be chosen in 
such a way that the first integration in the iteration can be 
described by a narrow rectangular strip. after which the second 
48 just the standard single integral for area. This will show 
the close relationship between the two methods for determining 
area, and will demonstrate that one is no real improvement on 
the other. 


Moments. After having used single integrals for finding the 
various moments, the student will appreciate the use of the 
double integral. Yor the increments for determining M and 

Ky are respectively y dydx and x dydx, for either order of | 
integration. This eliminates the difficulty of always measuring 
from the centroid of a rectangle. The same simplification results 


for higher moments. 


Volumes. The main difficulty with problems in this section is 
sketching the boundaries of the solid region accurately enough 
to be able to determine the limits of integration correctly. 


This should be reviewed. 


Change of Variables in a Double Integral. This material can 
‘be introduced by recalling the substitutions used in integrals 


of functions of one variable. The desirability of substitutions 
in integrals of functions of two variables should be evident to 
the students ; 


Assume that continuous functions, possessing continuous first 
partial derivatives with respect to x and y, u= f, (x,y) 
and v= f(x,y) have been determined. Also, assume that 

for some set of values of u and v, fy and f., have inverse 
functions, so that x = $, (u,v) and y= no(usv)- 
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If usu, is held fixed, x = ¢, fu, »v) and y = blu, sv) 

are parametric equations for a eurve in the xy-plane. Similarly 
VevV> & constant, defiz.es a eurve whose parametric equations 
are xe $, (uv) snd vt ¢o(u.v_). Such e& procedure defines 
@ parameterization of the xy-plane. 


Ae an example, let x = rcos 6,y=rasin4,re (0,.~), ¢€ (0,2) 


with inverse functions r =f x2 +y , 6 = are tan y/x, with 


proper restrictions on ¢ so that its terminal side falls in 





4 the quadrant containing (x.y). This gives the following para- 
"4 meterization: ; 
9 a er/3 @= 1/2 
6 on 
] ae 1/6 | 
; 6 = 51/6 =T | 
: O 4 
@= 7 "ss [ 
- =1 | 
f 
, 8 = 111/6 
@ = 77/6 : 
6 = hr/3 
@ = 3n/e @ = 51/3 


Next, consider the increment of area in the new parameterization 
/ Let x, = ¢,(u,v), ¥, = Oo(usv), x» = Oy(usv + dv), YD = bolt + dv) = 
%3 (ut du, v)> Yq = op(u + du, v), x, = o,(u + duv + dv), and . 


y;, * (uv + du, v + dv), where du and dv are positive, and small. 


¢ Then P(x, sy,)> Po(x5,¥ 5). P(X3sq)s and P), (xy s¥),) are points 


‘ in the xy~plane. 
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The uv-coordine*e curves which pass through these points are 
determined by wu = f, (x,y), Vv = fo(x,y), u + du = £,(x,y)} 
vtdv= f(x,y) (here the u,v, du, and dv are fixed, and the 

x and y then give the coordinates of the points on the 2oor- 


dinate curves). These appear as follows: 


a 


= f(x,y) 
| | a } v — : f(x,y) 
AXL | 
fA 








u+ du = f, (x,y) 
ut f, (x,y) : 


& 
>] 
{ 


The area of the region defined by the curved quadrilateral then 





is the increment of area, aA, which is to be determined. 


The mean value theorem gives the following: 








¢, (usv + dy) - ¢, (u,v) 2 by av 
ov 
d,(u,v + dv) - o,(u,v) = 99, 

a 5 2 § a av 
im Vv 
d.(u + du,v) - o,(u,v) = aa 

1 7 X aie du 
dU 
¢,(u + du,¥)'- 6(u,v) = 9o5 

2 - et oe du 





du 


d 3 
Thus X> = b, (u,v) = >, dv, Yo = 5(u,v) + > dv, 


eee) 


av dV 


x, = (u,v) + 99 au, and y= 6.(u,v) + %%2 au. 
3 1 a 3 2 “on 
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One formula for the area of a triangle, “hich may have been 
dneluded in the students' analytic geometry training, is, for 


A a 41/2 Xo Yo 1 » with the sign chogzen 


to make A positive. Substitution gives 














") 
| L % a 
3¢ a6 
+1/2 oy 7 = dv bo * <= dv 2 
fel + 99) au by + 945 du 1 
du ou | 
a>, 3b, 
ov av | 
: = £1/2 | dudv = #1/2 J(u,v) dudv 
a4, 2b, 
3 Ju ou 


The srea dA is approximated by LJ (u,v) | dudv. However, 

7 aA = ( |g| +c) dudv, and it is not obvious that e > 0 as 

: _ du and dv +0, in all cases. The previous example in poler 
iP coordinates should be recalled to make this seem reasonable, 
without attempt at proof. See [ 5} ‘ 


Then, the Jacobians for this and other transformations should be 
calculated. 
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C. The Triple Integral 


ls Motivational Examples, The need for the triple integral can be 
shown by attempting to find the volume of a general three dimen- 


sional region bounded by sufaces. Also, and example using the 





K "anti-partial differentiation” process of A,l above could be 
: devised. (See [8]). 


2 Formal Properties of the Triple Integral. A deflnition and some 
theorems should be presented parallel to those given for the 
double integral in A,2 above. 


3. Evaluation of Triple Integrals. The discussion should paraliel 
that of section A;3 above. 


4. Applications of Triple Integrals. Volumes and moments should be 

covered here in a manner similar to areas and moments with double 

| ‘integrals. The comparison between triple and double integrals is 
g essentially the same as that between double and single integrals. 
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APPENDIX: 


Sample Final Examination Questions 
for the First Semester of Calculus 


1. Approximate the area bounded by the curve y = “>, the x-axis and 
the line x = 2 by dividing the area into 6 vertical rectangles : 
whose widths are equal aiid whose altitudes are the average of lett 3 
and right ordinates. 

2. A baseball diamond is a square 90 ft. on a side. A man runs from 
first base to second base at 25 f. per second. At what rate is 
his distance from third base decreasing when he is 30 ft. from first 
base? 

3- <A. Define what is meant by "the function f is continuous at x = a".. 

B. Give an example of, and sketch, a discontinuous function. 
4, How do continuity and differentiability relate? 
2+ If f is a function of the independent variable x, the derivative 
of f with respect to x is defined by the formula: 3 
6. iim Vee a , 
X +O xX +1 
x" - x - 6 > if x #3 7 
7. Let f be defined by f/x) = x- 3 e 
a, if x = 3 
Find the value of a so that f is continuous at x = 3. 
8. True or False: The finction F defined by F(x) = (2x - 3)3/7 is 
differentiable on its entire domain. 
ip 
62 . &§f 
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Questions 9 through 14 will refer to the following graph: 


\ a 1 
| , . \ wee 


. (0,0) a (b,0) 


If f is a continuous function of the closed interval [a,b] having 


the graphical representation above find: 
9. Which points are relative maximums? 
10. Which points are relative minimums? 
— 
() ll. If there is an absolute maximum, which point would it be? 


12. Since f is continuous, between what pairs of points must chere be 


a point of inflection? 
13. What point seems to be an absolute minimum (if one exists)? 


ik. What can be said about f' and f" at each of the seven points? 


Point £" Use answers | =0, >0, <0, ?, = 


rea 


“», 
x 4 
¥ 
gE 
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| LINEAR ALGEBRA (4 semester hours) , 
I. Introduction 1-3 hours 
| A. Sets | a 
: B. Vectors a 
Ii. Vector Spaces 13-15 hours 
A. Definition of real vector spaces 
B. Generators E 
- 1. Linear dependence and independence : 
2. Bases and dimension of vector spaces, and subspaces . 
C. Simultaneous equations 
4 D. Direct sums and intersections of vector subspaces 
E. Inner products and orthogonal bases €. * 
P :* 
FP. Applications to En 
Tit. Determinants 2~3 hours 
4 A. Properties of determinants a 
B. Applications Be 
| 1. Solution of simultaneous equations a 
, 2. The content of a parallelotope # 
IV. Linear Transformations 4-5 hours . 
A. Definition of linear transformation : 
4 B. Elementary properties of linear transformation 
; C. Algebraic properties of linear transformations 
: V. Matrices 15 hours : 
4 A. Linear transformation and matrices E 
My B. Algebraic operations on matrices 
r 9 | 3 
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() C. Nonsingular matrices = 
D. Special types of square matrices - 
E. Inversion of matrices | 
F. Change of bases of vector spaces E 
G. Applications 
1. Solution of simultaneous linear equations ; 
26 Transformation of E, ; . 
VI. Bilinear and Quadratic Forms and Characteristic Values 6~12 hours i : 
A. Silinear forms ] : 
B. Quadratic forms 
€. Characteristic values and vectors i 
©) 5 
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LINEAR ALGEBRA 


I. Introduction and Review 


A. Sets 


t 


The definition of and notation for a set, with union and intersection, 


and map should be covered. Any other concepts introduced here should .- 
| have a definite application in the course. (Math induction might be _ 
, one. } = 
: ; 


B. Vectors A 


A review should be made of two-and-three—dimensional vector spaces, 
with review of both i, j, k and ordered triple notations. The 
: student should be familiar with vector addition, scalar multiplica- : 
; tion, the dot and cross products, and their intrepretations when : 
applied to geometry. These ideas need only be reviewed, and not , , 
elaborated on. However, it should be made clear to the student that vec— 
tors have many applications and interpretations, so that he will see the 
neéd for an abstract idea of a vector. Throughout the following, Ey 
references should be made to the vector concepts covered in Calculus . =_ 
as often as possible. 


7 iI. Vector Spaces - 
A. Definition of real vector spaces 


> The abstract definition should be given, as in [io], with illustra- 
. tions such as the set of real-valued functions on [>] >» function 
Spaces, as well as finite dimensional spaces. 


B. Generators 
1. linear dependence and independence 


Several examples of dependent and independent sets of vectors 
should be given, as well as theorems concerning dependence and 
independence, such as the theorem that says that, if x, ..<, ; 
are a set of vectors, such that x, # 0, then they are ¥ 
linearly dependent if and only if some oré of the vectors Xo» _ 
coe, Xo Say X > 1S a linear combination of Xo ree Hye 


Implicit here should be the idea of generation of a vector space. 





2. Bases and dimension of vector spaces and subspaces 


While working with independent sets of vectors and their linear 
combinations, the student should develop the idea of bases arid ; 
dimension, so that these definitions come as no suprise. In- } 
cluded in this material should be the basic theorens concerning 
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collections of independent vectors as generators of vector spaces 
and subspaces, such as, if x), ...5 are a basis for x, and 
Yy1> soos Y, are a linearly independent subset of x, then m =n. 


Another would be, if x is n-dimensional, and Yy2 2009 Vn are 


 Linearly independent, with m <¢-n, there is a basis of x consisting 
of Yy> coos Vnp and n - m other vectors. 


Systems of simultaneous equations 


While determining dependence or independence of a set of vectors, the 
student Learns the connection between vectors and simultaneous 
equations. At this point, it is appropriate to formalize the connee~ 
tion between sets of vectors and solutions of homogeneous and non- 
homogeneous systems of linear equations. This may be done by a theorem 
such as the following: A system aj1C} + &9Cq t ... © 944° * d, 


Any cy + 8n2¢c2 + eco + Ank kk = d, 


has a solution if and only if the vector (a; es d | 
is in the subspace generated by [a> Ao,» °8°9 an 3} e005 


fee 89k? ***9 nk 


Direct sums and intersections of vector subspaces 


This should include as examples the direct sum and intersection of 
two-dimensional vector spaces as subspaces of three-dimensional 
vector spaces. Theorems should be included on bases and dimension 
of intersections and direct sums of vector spaces. Such a-theorem 
is: If S and T are subspaces of X, then dim (S) + dim (T) =.(S) T) 
+ dim (S + T). : 


Inner products and orthogonal bases 


The inner product should be defined on an abstract vector space. , 
Then, it should be noted that there are other inner products than 
the standard Euclidean n-dimensional one. 


Orthogonal vectors and orthogonal bases should be defined, with 
numerous examples from two and three dimensions. ‘Then, the Gram~ 
Schmidt process should be covered. (Note this is independent of any 
particular inner product definition. ) 


Applications to —). (This section may be omitted. ) 


The vector equations of lines and K--dimensional planes should be 
covered, as well as uses of the dot product as a metric. This 
material should be motivated by examples from # and 3-space. Of 
course, this is not to say that this is all that should be covered 
here, or that no other applications should be considered elsewhere. 
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Such things as simple transformations of coordinates may be intro- 
duced here when discussing K-planes, by means of the equation 


Swe,” 0G, 7 Po? Here + OK, - Pads 


where P. is a given vector to a point Po? which is desired to be 
the "new" origin, and X, °°» X, are independent vectors. If X is 


a vector to a point in the old coordinate system, (t,, °**, t,) 
represents the same point in the new coordinate system. (The alibi 
approach may be used also). ‘This fits in well with the equations 
for lines and planes, but may be deferred until the section on 
linear transformations, especially if time is short. 


Determinants 


All linear algebra texts have a development of determinants. Any of 
these is satisfactory, but it should be kept in mind that the determinant 
is a tool (mainly a theoretical one), and only those properties ‘that - 
will be of use should be included. One development of the basic pro- 
perties of determinants that is especially practical is covered in [7 ° 
Also, fs | contains this material, in a rather abbreviated forn. 


Whatever approach is used, Cramer's ruJ.e should be mentioned as a method | 
for solving systems of linear equations, but it should be pointed out 
that it is impractical. Its derivation is not necessary. 


binear Transformations 
A. Definition of linear transformations 


The definition should be given in an abstcact form, so that the 
student does not get the impression that linear transformations 
only apply to finite dimensional vector spaces. As familiar ex- 
amples, the derivative, and definite integral with variable upper 
limit, defined on appropriate vector spaces, should be mentioned. 


L Elementary properties of linear transformations should be covered, 
especially those properties associated with the basis vectors. - 
Included should be the theorem that the image, under a linear trans- 
formation, of a basis will generate the image space. Another would 
be the necessary and sufficient conditions that a linear transforma- 
tion be one-one. One such condition is that the only vector carried 
to the zero vector is the zero vector. Examples of transformations 
of finite dimensional vector spaces shotild be given, both formal 
and numerical. In this way, the algebraic relationships are emphasized. 


C. Algebriac properties of linear transformations 
The additive group of linear transformations should be discussed 


first. Then, singular and nonsingular transformations should be 
defined, and inverses of transformations discussei. This leads into 
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the multiplicative group of nonsingular transformations of a vector 
space onto itself. Also, theorems may be included here concerning 
Singularity and nonsingularity of transformations. The fact that 
the existence of the inverse of a iinear transformation A: X—]f, 
as a function A~!:A(X) -> X, is equivalent to A being one-one should 
be discussed. 


Matrices 


Linear transfo: :ations and matrices 


After listing the system of linear equations which resuit from a 
Linear transformation on a vector space into another vector space, 
it should be a short step to the rectangular array which forms a 
matrix. This system can be written as T(E,) = a,,Ey + Ay oEo” + 


1 
vee Fay En . 

oa et 1 1 
T(E,) = Ay yFy™ + agobg” +6. + Anmby» 


where Ey» rere E. are basis vectors for the domain of T, and Ey s ceed 


E + are basis vectors for the range of T. The ai.j ‘may be then 
used in matrix form, with the usual multiplication definiticn, to 
show the effects of T on any n-dimensional vector. It should be 
noted that the matrix representation of a transformation is dependent 
on the bases used, and various bases should be used as examples. 
Also, for different bases, a given matrix represents different 
transformations. 


Algebriac operations on matrices 


Equality and operations on matrices should be covered from the stand-- 
point of a linear transformation. Thus, if matrices A and B represent 
Jinear transformations T, and To. then © = A + B represents qT, + Ts 


where addition of A and B is defined as it is because it fits with 
the operator T, + T,. The more formal approach to matrix theory, in 
which a matrix is regarded as a function, or as a rectangulay array 
of iumbers, with appropriate definitions, seems too abstract for the 
students at this I< ol. They need to see that a matrix_is a natural 
outgrowth of the application of a linear transformation to a finite 
dimensional vector space. 


Nonsingular matrices 


Nonsingular matrices should be defined and related to nonsingular 
linear transformations, by showing that one determines the other, 
for a given basis. Then, various necessary and sufficient theorems 
for singularity and nonsingularity should be proved, as in [10 ° 
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D. Special types of squaze matrices ( | 


The transpose of a matrix, and symmetric, triangular, orthogonal and 
diagonal matrices should be discussed, along with the properties of 
the associated transformations. Similar matrices should be included 
here also. 


E. inversion of nonsingular matrices 


Methods of inverting matrices should be given including the method 
of using elementary matrices. Tnese should include numerical tech- 
niques, which should be applied if the students have had a course in 
computer programming. See [4]. 

F. Change of bases of vector spaces 





The use of matrices to change from any given basis of a vector space 
to any other should be covered here. Included here should be the. 
theorem that says that, if A and B are matrices representing the 
inear transformation T : X —» ¥, with respect to bases }X;¢ and 

LJ 7 and Xs and CY . i: respectively, and if P and Q are matri aS 
representing the ne basis from} 5X42 to $X; X; 1) and $Y i? to§ 4¢ 
respectively, then B = PAQ™™. 


G. Applications of matrices 
1. Solution of simultaneous linear equations 


Gaussian elimination should be used here. The relationship between ‘—' 
the rank and the number of solutions should be covered. 


2. Transformations of E, 


Familiar transformations, such as rotation of axes, should be 
included as examples. 





VI. Bilinear and quadratic forms and characteristic values 
A. Bilinear forms 


Bilinear operators and forms should be defined and their properties 
briefly discussed. 


BE. Quadratic forms 


The quadratic form should be defined in terms of the bilinear form, 

and its representation by a symmetric matrix should be discussed. 

i It- should be proved that two real. quadratic foxms are equivalent 

| (there is a linear change of variables transforming one into the 
other) if and only if their symmetric matrices A and B are such that 
B = PAP‘, for P some nonsinguiar matrix. The simplification of quad~ 
ratic forms by means of a change of basis should then be discussed. 
This requires a brief introduction to characteristic values and - 
vectors. For one application, requiring calculus, see [2]. ( \ 3 
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C. Characteristic values and vectors E 
The material on characteristic values and vectors, at least should 7 
be covered so as to reduce a symmetric matrix to an eauiva).ent 7 
diagonal matrix, with characteristic values on the diagonal. See | 
f104. If time is available, more material on the various canonical 
forms may be covered. The Cayley-Hamilton theorem may be stated, F 
but there would probably be no time available for a proof. i, 
¥ 
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CALCULUS - 4th SEMESTER - OUTLINE 





CALCULUS ~ 4th SEMESTER (4 semester hours) 
E. Sequences and Series 16 hanes 
A. Improper integrals : 
B. Infinite sequences 
C. Series; finite and infinite 
1. Definition 
2. Convergence tests 
D. L'Hospital's rule. 
II. Vector-Valued Functions on a Ey 6 hours 
A. Limits and continuity (1 hr) 
B. Derivatives of vectors (3. hrs ) 
‘It. Functions on a Vector Space | 24 hours 
A. Limits and continuity (2 hrs) 
B. Directional derivative and gradient (3 hrs) 
C. Chain rule (2 hrs) 
() D. Exact differential (2 hrs) z 
E. Divergence and curl of vector valued functions (3 hrs) - , 


1. Definitions 
2. Applications 


F. Line integrals (6 hrs) 
G. Transformation of variables and multiple 
integrals (2 hrs) 
H. Surfaces and solids (5S hrs) 
LV. Differential Equations 15 hours 


A. First order equations 

. Variables separable 

. Homogerieous 

» Exact 

. Linear, integrating factor 

. Series Solutions . 

B. Second order equations 

Special forms 

Operators 

Linear with constant coefficients 
Linear nonhomogeneous 

Equations with variable coefficients 
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CALCULUS - 4th Semester 4 Semester Hours 





I. SEQUENCES AND INFINITE SERIES 
A. Improper integrals , 


improper integrals are introduced here so that they may be used 
for the integral test for infinite series. There are many 
analogies between . f(x) dx and am an Improper integrals 


involve functions with discontinuities, at one or more points 

in the interval under consideration, or at one or the other of 

its end-points, or at both endpoints. Their value is 

obtained, by definitica, by a limit process and if this limit 

exists we say the integral converges; otherwise we say it 

diverges. Formation of the indefinite integral is the first 

step in finding the convergence or divergence of the integral; 
after this the limiting process takes over. If the function 4 
involved is an elementary function, the limit is easily obtained. 3 


Various types of indefinite integrals are listed in all text- 
books so are omitted here. Integrals like \- dx 
9 
© (x-1)2 


which is discontinuous in the interval, are perhaps the most 
difficult for students to see. Good references are found 
in [12] 9 i] , and {39 


Improper integrals can arise from problems involving probability 
and statistics, work, force, area of regions under curve, and 
Laplace transforms. 





As an example, consider a particle of mass my and let it be 
situated at the origin, and let a test particle of mass m, = 1, 
move on the x axis 


ee eC eE SR PE eS ON COMER Qe ge a ee Meee Qe ee ee gee 


m, m9 = 1 
—_}—_--$——_+——__—__—__—_ +t 
0 a x b 


in a positive direction as a result of a force f(x) acting 
on the test particle. The total work moving the particle 
from a to b is: 


! | Wab = (" f(x) dx 
: a 


| if f is the gravitational force acting of Mm due to Ms then 
by Newton's Law: 





b 
Wab = km_ ‘dx = km, (1/a - 1/b). 
a ol 





The nee potential ut a due to M, is: 
P=lim Wab = = km; =, or P =f, km, /x? dx 

lb? 20 
This is an example of an improper integral. 
1. DEFINITION. Improper integrals of the first kind. 

if f is continuous for all x>a, 
Oo 
Se y ax = lim ° f(x )dx 
pre 7 ~ hres a 


If the limit exists we say that the improper integral — 
converges. If not, we say it diverges. For example, 


b+ 0 


WO 
b rd td 
fo dx = Lim f e*~ dx = lim (-e"*) = lim .(-e D41)s 1 
2 "| bao b> +00 


2. DEFINITION. Improper integrals of the second kind. 


If £ is continuous for a< x < b but is not continuous at a 


b _ fe 
Se f(x) dx ea TO — f(x) dx. 


If the limit exists, we say the improper integral converges. 
If not, we say it diverges. For example, 











J Lax = Lim idx = Lim 2x? =2.-0=2 
° x Eat jJate fy’ ert e 
1 1 ly 1 | 
= dx = lim = dx = lim lux = oO (undefined ) 
o * exor ate * ~e7or e 


j 
These two basic definitions apply also to variations such as 
4 ‘ 


: + od 
0 
{ £(x) dx3 [ f(x) dx for the first kind (1) and 


® 


: | — £(x)dx where f is discontinuous at b or at some 
) . 

| intermediate point, for the second kind (2). 

In summary, we present the following. | 

DEFINITION. If the function f becomes infinite at several sa: | 


7 points of the interval, then we can choose convenient 
points and integrate the function by integrating its subdivisions 


Se Oe 





and then adding (see fig. A). ‘The total improper integral 

converge if and only if it converges over each smaller 

interval. Its value will equal the sum of the values of | 

the individual integrals. ‘ 


If, for example, we want to integrate the function in the 
the figure as (ee, we select points c, d, e and 
£(x )dx 





~ oo 
proceed to evaluate 





t 
{ 
| 
| Figure A 
§ 
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+ 02 . x Ber | 
; J stayex = lim f f£(x)dx + lim [. f(x )dx + lim a 
¥ a 670+ c dr 
3 a X,- €3 : 4 b a 
i £({x)dx + lim from», + lim, eo + lim £(x )dx es 
Xt €3 ead b-¥ co ze : 


Oo Xx, + €4 
provided all the above Sais “<n 


After these basic definitions and examples, a natural . 
extension would be to give some tests of corvergence “ 
or divergence such as the comparison test, quotient | 
test, etc. depending om the degree of proficiency the = 
instructor desires his students to achieve. One need { 
not go into detailed proofs of these tests as is done 
in advanced calculus. For example, to test the con- 
vergence of a 

sin X gy 
| “372 


J, * 0 
we employ the fact that [ x Pax converges for p > 1 and 
a 


write 
sin X] ¢ 1 
yl? = 3/2 where =" 3/2. Therefore 


' oo . 
: 3/2 dx converges. | 


7 
: 
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One improper integral which may be mentioned, if time 
permits, is the gamma function. It should be pcinted 
out that the gamma function, denoted by [“'(x) and 

9 


defined by _ 
[Vays f eet at  x> 0 
O 


should be treated not only as a mathematically interesting 
function, but one that proves to be extremely useful 
@ nage AA 


in practice. One mathematical, interesting point is 


the fact that Bien x [(x) which can be proven 
easily by integrating] x) by parts and using L'Hospital's 


Rule. Also, by using the recursion formula and mathematical 
induction students can derive the interesting fact that 
(n+1)=n! 


MULTIPLE IMPROPER INTEGRALS 


This topic is easily extended to functions of two independent 
variables, but somewhat intricate for more than two since 

we are not able to demonstrate by means of geometric 

models, Integrating a function as in the figure on the 
right poses a similar problem as in two dimensions. 

However, a few adjustments in notation need te be 

made. We now consider the function over the rectangu- 

lar region ef the xy-plane R and let a sequence of 

circular regions "close down" on the point where the 
function becomes discontinuous. If the limit exists 


we define the integral as 
lim . x 
Pacey Wh f(x, y) dA 
RNS 


where S is the sequence { Sa} of circles with decreasing 
diameters. 


" 


fn lt 









Vi example, to evaluate the integral 


1 : 
> aT Pg p> 0 where R is the region 
x2 + y-< 1, we notice that the function becomes infinite 
at the origin. We choose a sequence of circles closing 
down on the_origin by choosing the radius of each 1/n<r<l 
where r = V x2 + ye We change to volar coordinates, " 


[* 2mr | 
If, 1 dA .f rv Prdrd@ = ca a -—1) : 
“P n2~P : -_ 


if p<2} U fa Inn if p= ofa (nP~*_1) Lf p> 2 a 


Then, by a previous theorem of convergence it can be - Doe 
shown that the intevral converges for p < 2 but not for p> 2. | 








i 
4. 
B. INFINITE SEQUENCES i. " 
f 


Sequences can be introduced as functions whose domain is the 
set of all positive integers and range in the set of real 

numbers. Sequences can be finite or infinite. Examples | 
of sequences are: ; - 





f(n) = a, = 2,7,12,17,...,5n-3,... where n = 1,2,3,4,5,... 
g(n) = b, = 1/2,1/3,1/4,1/5,1/6,...,1/n,... n = 2,3,4,5,... 


Sequences are said to be convergent or divergent accordingly 
as U,—> Las n— 3 co or n does not approach any particular 
real number respectively, More specifically, if for any 
positive number e we can find a positive number N, dependent 


| 
On €, such that lun - Li<xe for all n> N, then we say | : .3 
) that the sequence {untconverges and we write lim u, = L 4 
i m-r eco 
) At this stage, the following theorems should be given attention.  . ee 
fe list them here without proof: If lim a, = A and limb, = B, then 
n-reo 2 n-7so 7 


(a) aim (a, + b,) = Lim a, + Lim b,, =A+B 
~ b i ~ lim b, =A +B | | _ 
“ heal n) * Re oneal 


n~xoo A nyo" 


(c ). Aim. (a,, b,) = lima,’ limb, =A° B 


(d) im ay/by = lim on / Lim by = A/B 1f BF 0 Pog 


ry? oc) ny oS 
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(e) 


(f) 


Lim ap = (Lim an)? = AP ( ) 
T= « Fre OD 
: Li 
_iin pn = Passo = po 


C. SERIES: FINITE OR INFINITE 


y 
ate @ 


There is a lack of agreement as to_the definition ofr a 
series. Some authers (see [si fod ; pl» [34 \ 
define a series as an indicated sum. In this case 
the interest is in the form ay, + a9 + Ag + wo. + ay 
for the finite series and for the infinite series 

aj +a) t+ ae t+... +a, +... «+, There is a rather 
impressive group of authors (see ra), | 9 ) that 
define the sequence of partial sums as the series. 

In this case, the interest is centered on the result 
of the summation. 


When there is danger of confusion, it would be advisable to use 
S, for the calculated sum of the first n terms and 5 a, for the 
series (form). A major problem concerns the k=1 | 
use of vi a, and the attempt to assign a value 


—,, 
— 


to Soo. Here we need to define the sum of an infinite (_) 
sequence, which is the problem that presented itself earlier 

with the second definition of a series. The desired 

definition ae be patterned after that found in 


[29] , [34] , 35| » and [37| , 1.€., $, = a ak» 
n 


=] 
Sug = Lim Sy = Lim, a a,. It should be pointed out 


that $= Lim {Sy and therefore the evaluation 


‘Yt AD « ® @ 
of &s becomes a problem in finding the limit of an 
infinite sequence. 


At this stage, properties of the summation notation should 
be reviewed. 


A few examples of finite series should reveal to the student 
that the sum of a finite series of finite terms is finite. 
It should be noted that infinite decimals are infinite 
series in disguise. The student may recall, after prodding, 
the converging geometric series (|rj<1). This may be 

used to find the common fraction form for a repeating 
decimal. 


Some numerical approximation by Taylor, and/or Maclaurin ( 
(Sterling ) series, with the remainder term, sheuld be 
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covered, as well as power series. The theorens should 
be carefully stated and rigorously proved (see [2]. [4], [22] ). 


2. Convergence Tests 


* . listing of convergence tests may be found in 
33]. 


based upon those found in [37]. Other interesting 
series may be found in 13. 


The nature of the tests used will depend upon the text, 
instructor, and class. Some attention should be given 
to empirical methods, and perhaps "educated guesses," 

based upon observations. from graphical representations. 


The use of the integral test will give the student a 
chance to use the Integral Tables. The instructor 
will be able to assist the student in polishing his 
skill in using these tables. 


D. L'HOPITAL'S RULE 


This useful rule for finding limits first appeared in print 
as part of the first text on differential calculus. Published 
in 1696 by the Marquis de 1'Hopital, based upon notes of his 
teacher Johann Bernoulli, a friend and supporter of G. W. 
Leibnitz. The student: should be aware of the proof of this 


: 0 7 
rule for this cases 7 and 4. See [12] . The proof of 


other forms will depend upon the time that is available. 

If the choice is one of proof or practice, the rule should 
be presented without proof and the time spent in practice 
in the correct application of the various forms of the rule. 


Every effort must be made to impress upon the student the 
necessity of the expression being in the required indeter- 


Some rather interesting series can be created by the instructor | 
minate form. Example: lim sec Xx. 


x7 B tan xX | ; 

The application of the rule here will result in the original , 

expression. The student must learn to simplify the ratio E 

first. 

Examples of the type: 4 

2 q 

lim (sec x - tan x) and lim 2x°_+ 5x _+ 6 where the : 

Xz X30 2 + 2 

evaluation is easier without the rule should encourage the 

student to use the quickest way and not to use a tractor 

to pull a "kiddie car." Examples such as lim : ln x ; 
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illustrate the need for simplification for each application. 


L'Hopital's rule may also be applied to expressions of the type: 
(0 = 0), 0 -q 0”, 1, and oo ® 


As an example of ges type consider lim . (cos x)* , 
1 


lim (1+ x)¥ , lim (x? + 5x + 1)5%, 
x¥-» O x 3» O 





Some interesting examples of additional cases where a 


guess does not pay off are; for the form 0¥: lim  x*%; 
L K-77 O 


and for oo’: lim (x)X . 
t—7 oO 





Some additional frustrating examples such as = Vx = : 


and lim = will challenge the student if the textbook 
X~r & . 


X ‘ ‘ 
has provided only routine examples in the exercise. 
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VECTOR-VALUED FUNCTIONS ON Ey 


It will be assumed that the students have covered the material 
on vectors included in the outline for the first year of 
calculus. The linear algebra course is not necessary, but 
give the student a decided advmtage in this course. 


Hust of the foliowing material was covered more intuitively 

in Chapter XI. Therefore, it is not repeated here. However , 
the level of rigor should be raised during this treatment, and 
all of the geometric aspects should be reviewed. 


A. Limits and continuity 


This material, covered intuitively in the first year, should 
now covered by the 5~€ approach, as done in [s} Also, OG], 
and {12} have good discussions in pre-press editions. Neighbor- 
hoods should be defined and discussed thoroughly. Prove, 

among other theorems, that the composition of continucus 
functions is continuous. . 


B. Derivatives of vectors 


A 8~€ treatment should be covered here, showing the similarity 
of these to ordinary derivatives. Then, the applications of 
these derivatives to differential geometry should be discussed, 
with the Frenet-Serret formulas inciuded, as in ie This 
includes the tangent, normal, and binormal vectors, curvature, 
and the osculating plane. 


FUNCTIONS ON A VECTOR SPACE 


(This may include functions cn a vector space into a E, or into 
a vector space, depending on the approach the particular text 
ses. Some would refer to them simply as multivariable functions. ) 


As an introduction to this section, a discussion of surfaces 
should be included, as in [12 ; 


A, Limits and continuity. 
The material in IA. should be extended her, but using the 
meyric topology with its €-neighborhoods, as in fa] 17 ; 
8], and |12 7 jcontains perhaps the most rigorous coverage. 
B. Directional derivative and gradient. 
Since the student is familiar with partial differentiation, 


from,the previous calculus course, directional derivatives 
may be motivated by considering what a partial derivative 


Yaya ere ee RT rae meee or 
ef 
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is, i.e., a derivative in the direction of a coordinate 
axis. Then, the directional derivative in the direction 
of V, if the limits exist, may be defined as either 











h- oO 


=> —? 
or rake ; v) lin EW, + hv) - f(y) where v= (A. K), 
. O et RR pee gg aE PO TOES. 7 : a y, a) 
h—> O h 


\v =1, ¥%) = (Xs Yo), and h approaches 0 from both sides. This 


last should be carefully noted. Prove the linear properties 
of this derivative. 


A scalar function f(%) is said to be continuously differentiable | 
at Vo if, for every e > 0 and_ for every ¥ such that (vj = 1, 
there is a} >O such that | #457) - fl(v; Bla e if 

iS = Vol< b. 


With this definition, it is possible to prove, as in [4] » that 
if f(v ) = f(x,y,z), is continuously differentiable in some 
neighborhood of ¥,, then f is continuous at %). 


The gradient, Vf = ag) + ay + zk >» should be introduced, 


and the relationship between it and the directional derivative 


explained. It should be noted that it is a vector, and is inde- 
pendent of the coordinatizatioa of space that is chosen. See {18] 


Also, the fact Ehat the gradient of a differentiable function 
of R® to R or R° to R at a point P_ is normal to the level 
surface or curve, respectively, of f at P,, should be discussed. 


hol has a good treatment. of this material, although in a slight- 
ly different order. {|20}has an unusual approach that is also 
worthwhile. 


Chain Rule 


This should be proved by means of material that has been 
carefully developed already. It says in vecter form that 

if £(¥) is a scalar field which is continuously differentiable 
in an open set of vectors, S and U(X) is a vector field 
differentiable on an open set of vectors T, such that, if 

¥E Ts U(¥) € S, and if A(X) = £(0(¥)), then #'(Vsy) = 
V£(U(V)) + O'(359). 


Such proo for. various forms o the chain rule, are 
given in 11] > {i js fe and {291, Then is sheuld be applied 


0 D 
are e ” — if y 
to implicit dif erentiation as if 4 | oY [ 8] 


ee 


) 


i 





In particular, if two surfaces given by F(x,y,z) = 0 = G(x,y,z), 
intersect to form a curve, and their equations are solved 
simultaneously to give x and y as functions of z, say 

x = X{z), y = ¥(z), then 


wl& »« i 
Co. Qu 
se Less dows 





dx = , and similarly for JY , 
7 gr aE ' 
X y ; 


Late! 


. X 
These are determined imp 


citly. This is covered in [4] and [8]. 
D. Exact differential. 


| has a gocd discussicn of the exact differential at a 
point as a linear transformation, with matrices, which . 
leads directly into the Jacobian. 4 also uses the same 
approach. For students who have had linear algebra, this 
should be a geod approach. for others, a foe traditional - 
approack may be better, without matrices, but still 
regarding the differential as a linear transformation 


E. Divergence and curl of vector valued functions. 


1. Definitions 





“s The def‘nitions are as follows: diy F = 9E +22 +k and .. 


‘Z AX AY JZ 
4 ¢-(@R cQ)% ,(¢9F QRy,? 9Q OP 
: curl F = Co. we) it+(S-) j + CSE - Sy ) bs 


—> 
for F = Pi + ay + RK, where P, Q, and R are functions 
of x, y, and z. These may be written respectively as 


VF and Vx F. / 
2. Applications | 


>» 
In fluid flow, if Fix,y,z) is the scalar product of 
density§(x,y,z) and velocity of fluid flow 0(x,y,z) 
for steady state conditions, then F represents flux 
density of the flow. Then div F is the time rate of 
change of mass per unit volume at a point (x,y,z). 
Also, curl V measures the local rotational effect of 
the fluid flow. See [ 4]. 
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F. Line integreis 


In the first year course integration was discussed, in an 
intuitive manner, for particularly nice functions, and the 

l*ne integral was briefly discussed. At this stage, the 

si. dent should be familiar enough with the definitions of 

limit and continuity that a review of the pertinent material 

from the first year can be made, filling in the details for 
continuous functions, as in [2 » including the Appendix. At 

this stage, this materiai mignt even be assigned as outside 
reading. Now, the line integral may redefined, perhaps 
motivating it by means of work as in| 4jJ or potential functions, 
as in|20|. The basic properties should be covered, including | 
the invariance under change of parameter. Then, the independence 
of the line integral with respect to path, under appropriate 
conditions, should be proved. (This amountsto the generalization 


b 
of _ f(x) = F(b ). = F(a), for ar) = f(x). Applications to 





both 1 functions and work may be found in [20} ; [4], 
and {29}. 


At this point, Green's theorem for "nice" plane regions may be 
proved, after a short review of double integrals. Such a 

proof is in |. “Then, the theorem should be extended to 
multiply conrietted regions, after which it is easy to prove 

that, under the proper conditions, line integrals are independent | 
of deformation of Jordan curves. Vector forms of Green's ( 3 
theorem should be mentioned, if not used throughout. 


G. Transformation of variables and multiple integrals. 


[35] has a good development of this topic for double integrals 
using only material discussed so far, if it is assumed that the 
mapping of the uv-plane, given by x = f(u. v), y = g(u,; v), 
has an inverse mapping which may be determined explicitly as 

u = h(x, y), v = k&x, y). For the problems considered here, 
this is not an undue restriction. 


to transformations of integrals of order n. See 

for proof that is valid for this situation. A sho 
discussion of the application to n-dimensional solids or 
surfaces could be included, in conjunction with the next 
section. See {19]. 


This use cf the Jacobian may be extended ne Soe to 
10 


H. Surfaces and solids 





The definition for the area of a gurface and its motivation 
should be discussed first, as in he . Then, the general 
surface integral may be defined in a manner analogous to 
that used for the line integral above. If S$ =r (u, v) 

is a vector which describes a surface S, for a region T 


in the uv-plane, then area of S = _ gr dud. See’ (14) ; 


ar 
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IV. 


Surface integrals may be applied to surfaces to calculate area, 
moments, fluid flow, etc., in much the same way as done fo 
ordinary double integrals over regions in the plane. See 4|. ' 


Now Stoke's theorem may be proved, by transforming the surface | 
fal. the plane, in order to use Green's theorem, as is done in 
4}. 


Gauss' Thecrem can now be considered, through an applic 
or the fact that, a tuts case, the Line integrai is ii 
al. 


of its path, as in 


In may Ge noted that Green's, Stokes, and Gauss' theorems are 
all generalizations of the fundamental theorem cf integration, 
in that a multiple integral over a region may be expressed as 
an integral of one lower order, around the “edge" of the 
region. 


DIFFERENTIAL EQUATIONS 


A.. 


First Order Equations 


A differential equation is an equation which contains derivatives 
or differentials. An equation with derivatives can be changed. 
into one which contains differentials, and hence its name. 

An ordinary differential equation is an equation which 

involves one unknown function, say y, and one or more 

derivatives of y taken with respect to an independent 

variable, say x. A partial differential equation is one 

which contains partial derivatives. A differential equation 
containing x, y, and derivatives of y with respect to x, is 

said to be solved or integrated when a relation between x | 
and y, but not containing the derivatives, has been found 
which, if substituted in the differential equation, reduces ! 
it to an identity. 


ere mnt Sige -mety 5. 
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The order of a differential equation is the order of the 

derivative of highest order appearing in the equaticn. Order 

is not to be confused with degree which is the power of 

the highest order derivative appearing.: a differential 7 
equation in the form c 


an * d 
Co(x) =. + e1(x) Say + cee + en-1(x)2 + Cn(x)y = f(x) (1) 
is said to be a linear differential equation. The functions 
may be arbitrary functions of x and their character does not 


affect the linearity of the equation. Equation (1) is of the 
nth order. Examples of linear differential equations are: 


9 9 3 
2 dty d a di 
x a 7 22 - x°y = tan x, > + 2x4 + ay = 6x 


“a 
' 
} ia 
“A hh 
= te] pot 
cd 


‘ieee 
fr 
“a 
es ~ ++ one Tadd 
ie itiatetertdeeteiee iatentens cn ei ke ee ee nr ren a ot ee OE 
shel 





eee es 


Non-linear differential equations are: OQ 
2 2 

a’y + dy = dy = 

dx’ *Y Gy tnd Ca) + 2y = Bx. 


Note that the degree of the latter equation is two, but the 
order is one. 


1. Variables Separable 
The equation Mdx + Ndy = 0, where M = G(x, y) and N = F(x, y), 
is said to have its variables separated when it is expressed 
as O(y)dy + $(x)dx = 0 
The solution is then J O(y )dy + + (x }dx = ¢@, where c is 


an arbitrary constant. If a first-order differential 
equation is or the form ot = f(x) - gfy), g(y) # 0, we 
x 


may write Soy =z £(x)dx, and the solution is J#, = f £(x)ax + C. 


/ 2 f 9 dx d 

Example: ‘_ dx + Lex d 0 +- = 0 

p » y ) jr~x2 - eZ 9 
Cc. 


from which sin7“x+ sin ly = 


uy 


2. Homogeneous () 4 


' A-pokynomial in x-and-y is-said-to be homogeneous when the : 
sum of the exponents of those letters in each term is the 4 


ee 
Ite © vn ee wt 
Se Dee 


same. Thus, ax? + bxy + cy“ is homogeneous of the second 
degree, and ax? 4 bx2y + exy” + ey? is homogeneous of the 
third degree. If, in such a polynomial, we place y = vx, 
it becomes x"f(v), where n is the degree of the polynomial. 
Thus ax“ + bxy + cy? + x2(a + bv + ev2) = f(y). 


This property enables us to extend the idea of homogeneity 
to functions which are not polynomials. Representing a 
function of x and y by f(x, y), then f(x, y) is a homo- 
geneous function of x and y of the nth degree, if when we 
place y = vx, f(x, y) = x®F(v). When M and N are homo- 
geneous functions of the same degree the equation Mdx + 
Ndy = 0 is said to be homogeneous and can be solved as 
follows: Place y = vx, then dy = vdx + xdv and the 
differential equation becomes 


x2 O(v)dx + x" O(v)}(vdx + xdv) =0 or 


la(v) + vj O(v) dx+x@(vidv=0 ¢£ 


iv) 4+v D(v 0, then GX 4 b(v dy = 0 
‘v) Div) # 9, os Ov) be OTD 


where the variables are now separated and the equation may (_) 
now be solved. 


- ah. 








3. Exact 


[If the left member of the equation Mdx + Ndy = 0 is an 
exact differential, df(x, y), that is, if aM - IN 

MAY xXx 
then Mdx + Nd = 0 may be written df(x,y) = 0, having 
f(x, y) = ¢ as its solution. 





4. linear; integrating factor 


The equation w + O(x)y = $(x)(1), where O(x) and and $(3:) 


may reduce to constants but cannct contain y is called 

a linear equation of the first order. An equation of the 
form Mdx + Ndy = 0 may be put in form (1) if, after 
transforming it to SY , M — 0, u can be expressed as 


X : 
O(x)y - O(x), that is, as the difference of two terms \ 
one of which is y multiplied by a function of x and the ‘ 
other of which is a function of x only. 


To solve (1) let y = uv, where u and v are unknown func- 
tions of x to be determined later in any way which may be Le 
advantageous. Then (1) becomes u GY + y 94 4 O(x)uy = : 


; dx dx 
b(x) or v E : a(x) tu . Ox)(z), 


Let us now determine u so that the coefficient of v shall 
be zero, = + O(x)u = p or dw + O(x)dx = 0, 
u 


The general solution is: log u tf O(x)dx =e. 

Since, all we need is a particular function which will 
make the coefficient of v equal to sero, we take c = 0, 
Then, log u = ~f O(x)dx or u =f J9(x)dx, 

With this value of u, (2) becomes os O(x )dx wv = O(x) or 

= a Q(x)dx 6(x), where v may be found by integration, 
x 


Substituting the values of u and v in (2), we have solution 
(1), where y = uv. , 





If the equation Mdx + Ndy = 0 is not exact, i.e., if 
ss of an then there exists an infinite number of 
Xx 

functions of x and y such that if Mdx # Ndy = 0 is 
multiplied by any one of them, it is made an exact. 
equation. Such a function is called an integrating 
factor. Since no general method is know for finding 
integrating factors, (lists can be found in treatises 
on differential equations) sometimes an integrating 
factor can be found by inspection. Common differentials 
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frequently encountered in practice are: OC} 


d(uv)= vdu + udv, d( = y= Vdu~ udv , 
y2 


dtant (2). vdu-udvy § g jog U = ydu - udv and 
ve eye 2 6 508 5 = Meh aay an 


d(u* + v") = 2(udu + vdv) 


Arn inspection of the differention problems found earlier 
in the covrse may prove quite useful. 3 


5. Power Series 


The use of power series in solving ordinary differential 
equations should be noted. This is, in fact, an important 
and powerful method of investigating the function defined 
by the equation. The method consists in assuming a 
‘series of the form y = agx™ + a,xml + @yx"® +...) 

where m and the coefficients ag, 4,5 ao, ... are 
undetermined. This series is then substituted in the 
differential equation, and m and coefficients are so 
determined that the equation is identically satisfied. 


' B. Second Order Equations 


The general ore differential equation has the form 
: d d = : 
F(x, yy 9 <o ) = 0. No attempt will be made to develop 


the theory for such general differential equations. If we 
assume that the Implicit Function Theorem holds with gporpect 
to the last argument of the function F above, then it 0. 


dx 
lL. Special Forms 


Certain equations of the second order, occuring frequently 
in practice, which are readily integrated include: 


‘ ; 
a. os = f(x), which by direct integration gives: <<! . 


x 
F(x) + C, and y = G(x) + e4x + Cy where F is a 
particular antiderivative of f and G is one of F. q A 
This method is equally applicable to the equation, ay = f(x). 

Some discussion should relate to the number of dx 3 
constants of integration which will appear. | 


d2 a? 
d. 2 = f(x, & ‘yy substituting oy p, then y= sp 
and the scutes becomes ae = £(x, p) which’ is a () 
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differenti=l equation of the first order in which 

p and x ar. the variables. If they can be solved 

so that p = G(x, D> than a second integration 
yields y = F(x, c;) + Cy where F is an antiderivative 


of G. 
a2 d 
= re = f(y, ~ ), again, place x =p. but now write 


y a = 7 
> = 2 = iy a = z P so that the equation becomes 


d ; 
p ap = f(y, p) which is a differential equation of the , = 
first order in ge and y are the variables. If | 
solvable, p = F(y, c,) from which x= ay + Cy. 
. Fly, cy) 
a 
d. re = f(y). By multiplying both sides of this equation 
9 
dy d’y dy ax = 2£(y) ay dy 2} 
by BY we have 2 SFB ox = 2607) YW ax or a {¢ & ) 
2f(y)dy, Integrating ( x ~ = 2 £(y)dy + C)3 whence 


by solving for wv and then separating we have 


dy 
= 4: : 
f + 2/&(y)dy +e  *~ %2 Another approach te 


the solution of this form again involves the substitution 
p= x so that the equation becomes oe = f(y). But 
x x 





is i a eee RS 


dp = dp dy rt dp . d _ . : 
dx dy dx dy p. Therefore, ee f(y) which is an 


equation with variables separable. Integrating once, 
we obtain 2&= F(y) + C;, where F in an antiderivative nf 
2 


f. Then we have p = wv + A/2F(y) + 2c, , which again is 
X one e 


a variables separable equation. Therefore, x + a 
A201 + 2F(y) + Coe 





aoa OS EES FE ME. Pe ee PARE 


Examples of applications using these forms should be 
presented here. (Equation of curve formed by uniform 
flexible cable suspended from its ends: equation of 
motion for free falling body and missile problems ; 
bending of beams; equation of motion of simple pendulum; 


etc.) See [3], 4\, [so], 136] [34 


arta: 


2. Operators : ( 


Tf this third semester of calculus comes after the ‘linear 
algebra, a good discussion on linear operators and linear 


we ‘wa » | eS ee 
Fee ee NE ee a ge gee ae ae ee Rb Wee ee ene eS ial 
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transformations may be found in [27] » See also L3]} [30 ’ (— | 
and |36). If no linear algebra is in the students’ back- J) } 
ground, a straight-forward approach through definitions 
can still enable him to use operators, since the resulting 
answers can be easily verified. See |29 and [2 for this | 
type of development. Since many bgoks do not discuss Operators, 
fwe include the latter approach. [2 | 
Let F be the set of all functions with one argument; 
then any mapping of F into F is said to be an operator. | 
Essentially, an operator is a rule or relation which 
associates a function with a given function. For example, 
, we can associate f2 with f, (0 fdx with f, or F with f. 


Since we want to solve differential equations, let us 
concentrate on the operator which associates f' with f. 
It is helpful to give this operator a name, say "D." 
Thus Df = £' whenever f is a function. 

‘| Definitions: (1) D°f = f whenever f is a function 


(2) petl .. p(pk¢ ) whenever f is a function 


(3) D, +D, = {(£, g)| fer and g = D,f + Dot}. 
(4) dD, *D, = f(F, g)| £€F and g = D, (0,£) , _ 
Theorems: (1) D'€ = e(n) whenever n is a non-negative 
integer. 


(2) Let a€R and let n be any non-negative 
integers y hen aD" = t(f; 3) | féF and 
g =af ; 


a | y ent 
(3) D, + D, D, + Dd, (Commutative Law) 


(4) Dy + (Dy + Dg) = (Dy + Dy) + De 
(Associative Law) 
| (5) D, (Dy ° D) = (D, ° Dy) * Ds 
: , (Associative Law) 
(6) (D, + D,) * Dg =D, * BD, + Dy * Dg 
(Distributive Law) 


We point out that multiplication of operators is not 
commutative. Fox example, x* - D #D° x* since the 
ac: operator x“ « D associates x2£' with f whenevey f¢er 





whereas the operator D + x? associates 2xf + x°f' with 
( f whenever feF. 
| Next, let be real numbers where a, # 0 
ex EE S69. 419 a ay. » Yea num = wre e n 3 
. Vv ' sity Rae Be ~<a eerraeaera eemene aes ae ae ee a eee Se 
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n n-1 
end consider the operator a? + a, Ft see + a? + aye 


We need a name for this operator. Let "P' denote the 


corresponding polynomial function 4 x an yxont + see + agx + ag3 


then we shall take "P(D)" to be + rame of our operator. 


n 
Thus P(D) = a;p* whenever P = > a,x’. We shall 


i=0 | 
call P(D) a polynomial operator. Let us establish the 
basic properties of polynomial operators. Netice that in 
the following theorems we use "P" as a place~holder, or 
variable, for polynomial operators. 


Theorems: (1) Let P be any polynomial operator and let 
kER; then P +> k=k © Pp, 


eee wn = 


(2) Let P be any polynomial operator, let feF 
let géF, then P(f + g) = Pf + Pg, 


(3) Let P be any polynomial Operator, let f €F 
=F, k,€R, and k,€ R; then P(k, F, + Kf, 9 = 


re fy + ko fo. 


(4) Let P be any polynomial operator, let f,6F, 
and let kyé.. whenever 1< i<m; then 


if 
i Kf, = y hk? f;. 


Oe 


(i> 


izs=i + 
(5) Let P be any polynomial operator; then DP = PD. 


(6) Let P be any polynomial operator and let n€N; 
then D™P + pp", 


(7) P)Po = PoP) whenever P, md Po are polynomial 
operators. 


Notice that any linear differential equation with constant 
coefficients can be represented by means of a polynomial 
operator. 


3. Linear with constant coefficients. 


qd? d 
Equations of the form ~—t + ay ne + doy = 9 may be solved 
by operators. dx x 


stituting y = e™ to get an auxiliary equation r@ + ayr +a, = 0 


which may be solved for rj and Yo. The general solution 
resuiting, ryx r9x 
= cze + Coe can easily be checked by 


iA 
The general solution may also be introduced by simply sub- E 
- 89 - 
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{ 
the student if eT and Y, are real. The cases when Yr, = Los ) 


and when the roots are complex conjugates should be covered. 
Proofs should be given wherever possible. See [24] and |2 
for good developments. 





4, Linear nonhomogeneous 


For lengthy discussion of various cases, see 24. Also 
see iste [29 , (34, and [3 . The solution of non- 
homogeneous linear equations may be divided into two 
major attacks. 


a. If the given equation has constant coefficients, the 
solution may be shown to be the sum of the general 
solution of the corresponding homogeneous equation 
(complementary function) and a particular solution 
of the nonhomogeneous equation. This particular : 
solution may be found by the method of undetermined : 
coefficients--"guessirg", at the form of the answer. a 


For functions sttch as ae’*, a sinx + b coa x, and 
any polynomial in x, it may be of value to develop 


4 ‘the general formula for the constants in that par 
4 ticular solution. Another approach is to use the 7 
gubstitution y = v(x)w(x), where v is a solution of OC 

the corresponding homogeneous equation. 


z b. If the given equation has variable coefficients, use 
: of one of thé solutions of the corresponding homo- 
Herneotis equation as above, substituting y 2 v(x)w(x) 
3 may be of value. 


: If two solutions of the corresponding homogeneous 
equation are known, the method of vartation of 
parameters may be employed. 


5, Eqiiations with variable coefficients, 
Inéltision of equations with variable coefficients will 
depénd on the tiie available and the text being used, 
ai a complete discussion, sititable fox thia level, see 


al, [28] 5 30] and [ 36} 
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